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Abstract

Macrophages are essential components of the immune system’s response to tumors, engaging in
intricate interactions shaped by factors such as tumor type, progression, and the surrounding mi-
croenvironment. These dynamic relationships between macrophages and cancer cells have become a
focal point of research, as scientists seek innovative ways to harness the immune system, including
macrophages, for cancer immunotherapy. In this study, we introduce a novel model that examines the
interaction between tumor and macrophage cells. We provide an in-depth analysis of the equilibrium
points and their stability, as well as a thorough investigation into the solution properties of the model.
Moreover, by incorporating a stochastic approach, we account for inherent randomness and fluctua-
tions within the system, offering a more comprehensive understanding of tumor-immune dynamics.
Numerical simulations further validate the model, providing key insights into how stochastic elements
may influence tumor progression and immune response.

Keywords: Stochastic differential equations; numerical approximations; tumor model; stability analy-
sis

AMS 2020 Classification: 26A33; 34A34

1 Introduction

Tumor is the Latin word for swelling and is currently used to describe cancer. Cancer is a disease in
which the body’s own cells can grow uncontrollably, invade tissues, and cause specific problems.
There are two subgroups of tumors called benign and malignant. Malignant tumors, widely

➤ Received: 04.06.2024 ➤ Revised: 30.09.2024 ➤ Accepted: 16.10.2024 ➤ Published: 31.10.2024

162

https://orcid.org/0000-0002-6628-526X
https://orcid.org/0000-0003-4393-1588
https://orcid.org/0000-0002-6339-1868
https://orcid.org/0000-0002-5139-1262


Uçar et al. | 163

known as cancer, affect millions of people each year [1], and treatment regimens have diversified
over decades. Yet, cancer and its treatments must be addressed to overcome this disease.
The healthy body is capable of defending against cancer cells. Our immune system is well-
equipped to find and destroy cancerous cells before they progress to cancer. However, cancer cells
acquire functions to evade the immune system, surviving and eventually leading to neoplastic or
cancer growth in the body. Our immunity is composed of two different lines of defense. The first
line of defense is the innate immune system, which takes action if a germ or unknown antigen is
encountered in the body. Examples of the innate immune system include phagocytosis of bacteria,
acid secretion in the stomach, skin resistance, neutrophils, macrophages, and natural killer cells
[2–4].
Our tumor model introduces a significant advancement by capturing the complex interactions
between tumor and macrophage cells. This model’s novelty lies in its incorporation of stochastic
differential equations, which account for biological variability and offer a more nuanced under-
standing of these interactions. By integrating these stochastic elements, our model provides a
more realistic representation of the dynamic and often unpredictable nature of tumor growth and
immune response, enhancing the accuracy and applicability of predictive simulations.
On the other hand, adaptive immunity takes over the process if the innate immune system cannot
destroy the invaders. Acquired immunity is the process of generating a specific response to
individual invading agents such as bacteria, viruses, toxins, foreign tissues, etc. In the case of
reinfection with the same agents, this system generates quick responses. This system consists of B
and T lymphocytes. B lymphocytes secrete small proteins called immunoglobulins, which can
bind to and inactivate circulating antigens-substances found in foreign particles or germs that
trigger an immune response. This is called B-cell-mediated immunity or humoral immunity. The
other side of adaptive immunity is cell-mediated immunity, which is mediated by T lymphocytes.
T lymphocytes continuously scan the body to find and eliminate emerging malignant cells [2, 5, 6].
One of the pathways cancerous cells use to evade the immune system is expressing the PD-L1
receptors on their surface. PD-L1 is a ligand found on cancer cells that binds to receptors on
immune cells to inactivate them. It is one of the treatment options now in use for novel anticancer
therapy. In Contrary to this phenomenon, cytotoxic T cells are proliferated by IL-10, despite
its tumor-promoting effects. It is known that IL-10 has properties of both tumor-inhibiting and
promoting effects through various mechanisms [7–9].
There have been few mathematical tools and concepts used to predict real-world problems in the
last couple of decades, including classical differential and integral operators, fractional differential
and integral operators, and stochastic differential equations. For classical mechanical problems
with no memory, differentiation, and integration are used as a method of modeling. In fact, these
two mathematical operators have been used to simulate many real-world phenomena with some
limitations. Fractional calculus was introduced to replicate complex problems following power
law processes, exponential decay rule, and memory effects. The concepts have been applied
in particular to the modeling of real-life structures for example, understanding the dynamics
of financial systems, ecosystems, population dynamics, the spread of diseases and many more
[10–25].
A mathematical model that integrates uncertainty into its structure is called a stochastic system.
The system’s inherent complexity or external variables like noise may be the source of this
uncertainty. The presence of random variables and probability distributions, which show the
likelihood that various events will occur, are frequently characteristics of stochastic systems such
as bacterial growth, electrical flows fluctuating due to thermal noise, or gas particles’ moments.
Stochastic activities can be used to model and understand a wide variety of phenomena, from
chemical reactions to economics. They are also used to develop algorithms for predicting the
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behavior of complex systems. For the study of stochastic techniques, one needs mathematical
knowledge in probability, calculus, linear algebra, set theory, and topology, as well as branches of
mathematical analysis such as real analysis and measure theory [26–30].

Ambient noise in the real world unavoidably affects the population system. The model’s parame-
ters might not be strictly constant and instead might vary within certain bounds. Environmental
noise is thus an excellent way to describe these phenomena in disease models. In addition, stochas-
tic differential equation models are a crucial type of model when considering population dynamics
since they are more realistic than other models. There has been considerable research on biological
and epidemiological stochastic models. These models provide insight into the spread of diseases
and can help simulate clinical trials and other medical research [31–36].

The purpose of this work is to delve into a novel tumor model, a type of stochastic order model
which, for the first time, was put forward in employing classical derivative to aim at a tumor
model, based on more favorable stochastic theories. In [37], the authors present a system which
generates anti-PD-L1 variables, IL-10, CD8+T cells, and cancer cell and demonstrate the critical
role that IL-10 and anti-PD-L1 play in inactivating cancer cells, and the mechanism by which cancer
cells are eliminated during the single-dose administration of these two medications. Motivating
by this nice paper and, as explained above, macrophages and cancer cells are very closely related,
herein, we give the following model in order to see the macrophage effects. The integer order
differential equation the system that puts forth the tumor model can be seen below:

dT (t)
dt

= a + bI (t)C (t) T (t)
(

1 −
T (t)

p

)
− cT (t) ,

dC (t)
dt

= kC (t)
(

1 −
C (t)

q

)
− eC (t) T (t) I (t)− zC (t) T (t) Z (t)− m̃M (t)C (t) ,

dI (t)
dt

= − f I (t) ,

dZ (t)
dt

= −γZ (t) ,

dM (t)
dt

= rM

(
1 −

M (t)
kM

)
M (t) + p̃C (t) M (t)− d̃M (t) . (1)

Figure 1. The transfer diagram of the tumor model
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The variable factors concerning the model alter at time t as follows: T (t), C (t), I (t), Z (t), M (t)
characterize CD8+T lymphocytes, cancer cells, IL-10 cytokine, anti-PD-L1, makrophages in the
order given. p̃ is recruitment rate of macrophages, a is the initial density of CD8+T cells, b the
reproduction rate of CD8+Tcells under the influence of IL-10, d̃ shows death rate of macrophages,
kM display carrying capacity of macrophages, k is the tumor growth ratio, z the death rate of cancer
cells under the influence of anti-PD-L1, f is the decay rate of IL-10, q present the carrying capacity
of cancer cells, rM show proliferation ratios of macrophages, γ is the decay ratios anti-PD-L1, m̃ is
tumor killing rate by M (t), c refers to the carrying capacity of CD8+T cells, e is the death ratio of
cancer cells under the influence of IL-10, p displays the carrying capacity of CD8+T cells.

The article is further structured with subdivisions specified below: The equilibrium points and
their stability analysis are introduced in Section 2. Section 3 substantiates the existence and
uniqueness of the solution for our novel model while we again rake through the model by means
of the stochastic theory in Section 4. In Section 5, this model is depicted with respect to numerically
so as to look over the entire effect. As a final step, we discuss our acquired outcomes and conclude
our study.

2 Equilibrium points and stability analysis

Understanding equilibrium points helps analyze and predict the behavior of systems (physical,
mathematical, or engineering). The stability of equilibrium points is an important consideration in
determining the long-term behavior of a system. So in this section, we focus on the equilibrium
points of the system. The equilibrium points are the solutions of the model as follows:

a + bI (t)C (t) T (t)
(

1 −
T (t)

p

)
− cT (t) = 0,

kC (t)
(

1 −
C (t)

q

)
− eC (t) T (t) I (t)− zC (t) T (t) Z (t)− m̃M (t)C (t) = 0,

− f I (t) = 0,

−γZ (t) = 0,

rM

(
1 −

M (t)
kM

)
M (t) + p̃C (t) M (t)− d̃M (t) = 0.

The disease-free equilibrium point

E∗ = (T∗, C∗, I∗, Z∗, M∗) =

 a
c

, 0, 0, 0,
kM

(
rM − d̃

)
rM

 ,

and the endemic equilibrium point

E∗∗ = (T∗∗, C∗∗, I∗∗, Z∗∗, M∗∗) =

 a
c

,
q
(

d̃kMm̃ + krM − kMm̃rM

)
kMm̃p̃q + krM

, 0, 0,
dkM

(
p̃q + rM − d̃

)
kMm̃p̃q + krM

 .

Theorem 1 The disease-free equilibrium point E∗ =

(
a
c , 0, 0, 0,

kM(rM−d̃)
rM

)
is locally asymptotically

stable if d̃ < rM and
kMm̃(d̃−rM)

rM
+ k < 0.
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Proof The Jacobian matrix at the disease-free equilibrium point E∗ is

J (E∗) =



−c 0 0 0 0

0 k +
m̃kM(d̃−rM)

rM
0 0 0

0 0 − f 0 0
0 0 0 −γ 0

0
p̃kM(rM−d̃)

rM
0 0 −rM + rM

(
1 + d̃−rM

rM

)


.

The eigenvalues of this Jacobian matrix J (E∗) are

λ1 = − f ,

λ2 = d̃ − rM,

λ3 =
kMm̃

(
d̃ − rM

)
rM

+ k,

λ4 = −c,

λ5 = −γ.

If d̃ < rM and
kMm̃(d̃−rM)

rM
+ k < 0, then all eigenvalues are negative. So, from [38], the disease-free

equilibrium point E∗ =

(
a
c , 0, 0, 0,

kM(rM−d̃)
rM

)
is locally asymptotically stable.

Theorem 2 The endemic equilibrium point E∗∗ =

(
a
c ,

q(d̃kMm̃+drM−kMm̃rM)
kMm̃p̃q+drM

, 0, 0,
kkM( p̃q+rM−d̃)

kMm̃p̃q+krM

)
is lo-

cally asymptotically stable if N
1
2 < M.

Proof The Jacobian matrix at the endemic equilibrium point E∗∗ is

J (E∗∗) =



−c 0
bq(d̃kMm̃−kMm̃rM+krM)a

(
1− a

cp

)
(kMm̃p̃q+krM)c

0
k(−d̃m̃kM+m̃kMrM−drM)

kMm̃p̃q+krM
−

eqa(d̃kMm̃−kMm̃rM+krM)
(kMm̃p̃q+krM)c

0 0 − f
0 0 0

0 −
p̃kkM(−p̃q+d̃−rM)

kMm̃p̃q+krM
0

0 0

−
zqa(d̃kMm̃−kMm̃rM+krM)

(kMm̃p̃q+krM)c −
m̃q(d̃kMm̃−kMm̃rM+krM)

kMm̃p̃q+krM

0 0
−γ 0

0
rM( p̃m̃kMq−kp̃q+kd̃−p̃qkMm̃rM+ p̃qkrM−kd̃rM)

kMm̃p̃q+krM


.

If we make the following assumptions:

L =
1

2 (kMm̃p̃q + drM)
,

M = −kd̃kMm̃ + kkMm̃rM − kp̃krM − k2rM + kd̃rM − kr2
M,
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N =



−4kd̃k2
Mm̃2 p̃2q2 + 4kk2

Mm̃2 p̃2q2rM − 4k2kMm̃p̃2q2rM

+4kd̃2k2
Mm̃2 p̃q − 8kd̃k2

Mm̃2 p̃qrM + 4kk2
Mm̃2 p̃qr2

M
+k2d̃2k2

Mm̃2 − 2k2d̃k2
Mm̃2rM + 2k2d̃kMm̃p̃qrM

+k2k2
Mm̃2r2

M − 2k2kMm̃p̃qr2
M + k2 p̃2q2r2

M
+2k3d̃kMm̃rM − 2k3kMm̃r2

M − 2k3 p̃qr2
M

+2k2d̃2kMm̃rM − 4k2d̃kMm̃r2
M − 2k2d̃ p̃qr2

M
+2k2kMm̃r3

M + 2k2 p̃qr3
M + k4r2

M + 2k3d̃r2
M

−2k3r3
M + k2d̃2r2

M − 2k2d̃r3
M + k2r4

M



1
2

,

then, the eigenvalues of this Jacobian matrix J (E∗∗) are

λ1 = −a
(

M + N
1
2

)
,

λ2 = −a
(

M − N
1
2

)
,

λ3 = − f ,

λ4 = −c,

λ5 = −γ.

If M > N
1
2 , then all eigenvalues are negative. So, from [38], the endemic equilibrium point

E∗∗ =

(
a
c ,

q(d̃kMm̃+krM−kMm̃rM)
kMm̃p̃q+krM

, 0, 0,
kkM( p̃q+rM−d̃)

kMm̃p̃q+krM

)
is locally asymptotically stable.

3 Existence and uniqueness analysis of tumor model

In this section, we give the existence and uniqueness theorems to guarantee the existence of
solutions and we will present the conditions of existence and uniqueness for our model. Let us
consider our model as taking the right side like below:

dT(t)
dt

= T1(t, T),

dC(t)
dt

= T2(t, C),

dI(t)
dt

= T3(t, I),

dZ(t)
dt

= T4(t, Z),

dM(t)
dt

= T5(t, M).

Here we consider

T1(t, T) = a + bI (t)C (t) T (t)
(

1 −
T (t)

p

)
− cT (t) ,

T2(t, C) = kC (t)
(

1 −
C (t)

q

)
− eC (t) T (t) I (t)− zC (t) T (t) Z (t)− m̃M (t)C (t) ,

T3(t, I) = − f I (t) ,

T4(t, Z) = −γZ (t) ,
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T5(t, M) = rM

(
1 −

M (t)
kM

)
M (t) + p̃C (t) M (t)− d̃M (t) .

For the existence and uniqueness of the model, we consider the following theorem [39]:

Theorem 3 Assume that there are five positive constants t1, t2, t3, t4, t5 and t1,t2, t3, t4, t5 such that

i)

|T1(t, T)− T1(t, T1)|
2 ≤ t1 |T − T1|

2 ,

|T2(t, C)− T2(t, C1)|
2 ≤ t2 |C − C1|

2 ,

|T3(t, I)− T3(t, I1)|
2 ≤ t3 |I − I1|

2 ,

|T4(t, Z)− T4(t, Z1)|
2 ≤ t4 |Z − Z1|

2 ,

|T5(t, M)− T5(t, M1)|
2 ≤ t5 |M − M1|

2 .

ii)

|T1(t, T)|2 ≤ t1(1 + |T|2),

|T2(t, C)|2 ≤ t2(1 + |C|2),

|T3(t, I)|2 ≤ t3(1 + |I|2),

|T4(t, Z)|2 ≤ t4(1 + |Z|2),

|T5(t, M)|2 ≤ t5(1 + |M|2).

Then, there exists a unique solution if the above conditions are verified. We start with the first equation of
model T1(t, T). Then we verify first condition for equation T1(t, T) like below:

|T1(t, T)− T1(t, T1)|
2 ≤ t1 |T − T1|

2 .

Before we start the proof, let us define the following norm: ∥T∥∞ = sup
t∈Dt

|T(t)| , then we have

T, T1 ∈ R2 and t ∈ [0, T],

|T1(t, T)− T1(t, T1)|
2 =

∣∣∣∣∣
(

bI (t)C (t)− bI(t)C(t)
p (T (t) + T1 (t))

)
(T (t)− T1 (t))

−c (T (t)− T1 (t))

∣∣∣∣∣
2

≤
∣∣∣∣((bI (t)C (t))

(
1 −

T (t) + T1 (t)
p

)
− c
)
(T (t)− T1 (t))

∣∣∣∣2
≤

(
2b2 |I (t)|2 |C (t)|2

(
1 +

|T (t)|2 + |T1 (t)|
2

p

)
+ 2c2

)
|T (t)− T1 (t)|

2

≤

2b2 sup
t∈DI

|I (t)|2 sup
t∈DC

|C (t)|2

1 +

sup
t∈DT

|T (t)|2 + sup
t∈DT1

|T1 (t)|
2

p

+ 2c2


× |T (t)− T1 (t)|

2
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≤
(

2b2 ∥I∥2∞ ∥C∥2∞
(

1 +
∥T∥2∞ + ∥T1∥2∞

p

)
+ 2c2

)
|T (t)− T1 (t)|

2

≤ t1 |T − T1|
2 ,

where

t1 =

(
2b2 ∥I∥2∞ ∥C∥2∞

(
1 +

∥T∥2∞ + ∥T1∥2∞
p

)
+ 2c2

)
.

Now we proceed to show the second equation. If we have C, C1 ∈ R2 and t ∈ [0, T], then

|T2(t, C)− T2(t, C1)|
2 =

∣∣∣∣(k − eT (t) I (t)− zT (t) Z (t)− m̃M (t)) (C (t)− C1 (t))−
k
q

(
C2 (t)− C2

1 (t)
)∣∣∣∣2

=

∣∣∣∣∣
(
(k − eT (t) I (t)− zT (t) Z (t)− m̃M (t))− k

q (C (t) + C1 (t))
)

× (C (t)− C1 (t))

∣∣∣∣∣
2

≤
(

2
(

k2 + e2 |T (t)|2 |I (t)|2 + z2 |T (t)|2 |Z (t)|2 + m̃ |M (t)|2
)

+
2k2

q2

(
|C (t)|2 + |C1 (t)|

2
))

× |C (t)− C1 (t)|
2

≤


2

(
k2 + e2 sup

t∈DT

|T (t)|2 sup
t∈DI

|I (t)|2 + z2 sup
t∈DT

|T (t)|2 sup
t∈DZ

|Z (t)|2
)

+2m̃ sup
t∈DM

|M (t)|2 + 2d2

q2

 sup
t∈DC

|C (t)|2 + sup
t∈DC1

|C1 (t)|
2




× |C (t)− C1 (t)|

2

≤
(

2
(

k2 + e2 ∥T∥2∞ ∥I∥2∞ + z2 ∥T∥2∞ ∥Z∥2∞ + m̃ ∥M∥2∞)+ 2k2

q2

(
∥C∥2∞ + ∥C1∥2∞))

× |C (t)− C1 (t)|
2

≤ t2 |C − C1|
2 ,

where

t2 =

(
2
(

k2 + e2 ∥T∥2∞ ∥I∥2∞ + z2 ∥T∥2∞ ∥Z∥2∞ + m̃ ∥M∥2∞)+ 2k2

q2

(
∥C∥2∞ + ∥C1∥2∞

))
.

We take two positive constants I, I1 ∈ R2 and t ∈ [0, T], then

|T3(t, I)− T3(t, I1)|
2 = |− f I (t) + f I1 (t)|

2

≤ f 2 |I (t)− I1 (t)|
2

≤ t3 |I − I1|
2 ,

where

t3 = f 2.
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We take two positive constants Z, Z1 ∈ R2 and t ∈ [0, T], then

|T4(t, Z)− T4(t, Z1)|
2 = |−γZ (t) + γZ1 (t)|

2 ≤ γ2 |Z (t)− Z1 (t)|
2

≤ t4 |Z − Z1|
2 ,

where

t4 = γ2.

Finally, if we take two positive constants M, M1 ∈ R2 and t ∈ [0, T], then

|T5(t, M)− T5(t, M1)|
2 =

∣∣∣∣(rM + p̃C (t)− d̃
)
(M (t)− M1 (t))−

rM
kM

(
M2 (t)− M2

1 (t)
)∣∣∣∣2

=

∣∣∣∣((rM + p̃C (t)− d̃
)
−

rM
kM

(M (t) + M1 (t))
)
(M (t)− M1 (t))

∣∣∣∣2
≤
(

2
(

r2
M + p̃2 |C (t)|2 + d̃2

)
+

2r2
M

k2
M

(
|M (t)|2 + |M1 (t)|

2
))

× |M (t)− M1 (t)|
2

≤

2

(
r2

M + p̃2 sup
t∈DC

|C (t)|2 + d̃2

)
+

2r2
M

k2
M

 sup
t∈DM

|M (t)|2 + sup
t∈DM1

|M1 (t)|
2


× |M (t)− M1 (t)|

2

≤
(

2
(

r2
M + p̃2 ∥C∥2∞ + d̃2

)
+

2r2
M

k2
M

(
∥M∥2∞ + ∥M1∥2∞)

)
|M (t)− M1 (t)|

2

≤ t5 |M − M1|
2 ,

where

t5 =

(
2
(

r2
M + p̃2 ∥C∥2∞ + d̃2

)
+

2r2
M

k2
M

(
∥M∥2∞ + ∥M1∥2∞

))
.

So condition (i) is satisfied.
Now we prove the second condition for the tumor model via the following condition:
∀(t, T) ∈ R2 ×[t0, T] then we will show that

|T1(t, T)|2 =

∣∣∣∣a + bI (t)C (t) T (t)
(

1 −
T (t)

p

)
− cT (t)

∣∣∣∣2
≤ 4a2 + 4b2 |I (t)|2 |C (t)|2 |T (t)|2 + 4b2 |I (t)|2 |C (t)|2

∣∣T2 (t)
∣∣2

p2 + 4c2 |T (t)|2

≤ 4a2 + 4b2 sup
t∈DI

|I (t)|2 sup
t∈DC

|C (t)|2 |T (t)|2 + 4b2 sup
t∈DI

|I (t)|2 sup
t∈DC

|C (t)|2
sup
t∈DT

∣∣T2 (t)
∣∣2

p2

+4c2 |T (t)|2
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≤ 4a2 +
4b2

p2 ∥I∥2∞ ∥C∥2∞
∥∥∥T2

∥∥∥2

∞ +
(

4b2 ∥I∥2∞ ∥C∥2∞ + 4c2
)
|T|2

≤
(

4a2 +
4b2

p2 ∥I∥2∞ ∥C∥2∞
∥∥∥T2

∥∥∥2

∞
)1 +

4b2 ∥I∥2∞ ∥C∥2∞ + 4c2

4a2 + 4b2

p2 ∥I∥2∞ ∥C∥2∞ ∥T2∥2∞ |T|2


≤ t1(1 + |T|2),

where

t1 =

(
4a2 +

4b2

p2 ∥I∥2∞ ∥C∥2∞
∥∥∥T2

∥∥∥2

∞
)

,

and with under condition

4b2 ∥I∥2∞ ∥C∥2∞ + 4c2

4a2 + 4b2

p2 ∥I∥2∞ ∥C∥2∞ ∥T2∥2∞ < 1.

Now we continue with the second equation.

∀(t, C) ∈ R2 ×[t0, T] then we will show that

|T2(t, C)|2 =

∣∣∣∣kC (t)
(

1 −
C (t)

q

)
− eC (t) T (t) I (t)− zC (t) T (t) Z (t)− m̃M (t)C (t)

∣∣∣∣2
≤ 2

(
k2 + e2 |T (t)|2 |I (t)|2 + z2 |T (t)|2 |Z (t)|2 + m̃2 |M (t)|2

)
|C (t)|2 + 2

k2

q2

∣∣∣C2 (t)
∣∣∣2

≤ 2

(
k2 + e2 sup

t∈DT

|T (t)|2 sup
t∈DI

|I (t)|2 + z2 sup
t∈DT

|T (t)|2 sup
t∈DZ

|Z (t)|2 + m̃2 sup
t∈DM

|M (t)|2
)
|C (t)|2

+ 2
k2

q2 sup
t∈DC

∣∣∣C2 (t)
∣∣∣2

≤ 2
(

k2 + e2 ∥T∥2∞ ∥I∥2∞ + z2 ∥T∥2∞ ∥Z∥2∞ + m̃2 ∥M∥2∞) |C|2 + 2
k2

q2

∥∥∥C2
∥∥∥2

∞
≤ 2

k2

q2

∥∥∥C2
∥∥∥2

∞
1 +

2
(

k2 + e2 ∥T∥2∞ ∥I∥2∞ + z2 ∥T∥2∞ ∥Z∥2∞ + m̃2 ∥M∥2∞
)

2 k2

q2 ∥C2∥2∞ |C|2


≤ t2(1 + |C|2),

where

t2 = 2
k2

q2

∥∥∥C2
∥∥∥2

∞ ,

and with under condition

2
(

k2 + e2 ∥T∥2∞ ∥I∥2∞ + z2 ∥T∥2∞ ∥Z∥2∞ + m̃2 ∥M∥2∞
)

2 d2

q2 ∥C2∥2∞ < 1.
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∀(t, I) ∈ R2 ×[t0, T]

|T3(t, I)|2 = |− f I (t)|2 ≤ 1 + f 2 |I (t)|2

≤ t3(1 + |I|2),

where

t3 > 0,

and with under condition

f 2 < 1.

∀(t, Z) ∈ R2 ×[t0, T]

|T4(t, Z)|2 = |−γZ (t)|2 ≤ 1 + γ2 |Z (t)|2

≤ t4(1 + |Z|2),

where

t4 > 0,

and with under condition

γ2 < 1.

∀(t, M) ∈ R2 ×[t0, T]

|T5(t, M)|2 =

∣∣∣∣rM

(
1 −

M (t)
kM

)
M (t) + p̃C (t) M (t)− d̃M (t)

∣∣∣∣2
≤ 4r2

M |M (t)|2 + 4
r2

M
k2

M

∣∣∣M2 (t)
∣∣∣2 + 4 p̃2 |C (t)|2 |M (t)|2 + 4d̃2 |M (t)|2

≤
(

4r2
M + 4 p̃2 |C (t)|2 + 4d̃2

)
|M (t)|2 + 4

r2
M

k2
M

∣∣∣M2 (t)
∣∣∣2

≤
(

4r2
M + 4 p̃2 sup

t∈DC

|C (t)|2 + 4d̃2

)
|M (t)|2 + 4

r2
M

k2
M

sup
t∈DM

∣∣∣M2 (t)
∣∣∣2

≤
(

4r2
M + 4 p̃2 ∥C∥2∞ + 4d̃2

)
|M (t)|2 + 4

r2
M

k2
M

∥∥∥M2
∥∥∥2

∞
≤ 4

r2
M

k2
M

∥∥∥M2
∥∥∥2

∞
1 +

4r2
M + 4 p̃2 ∥C∥2∞ + 4d̃2

4 r2
M

k2
M
∥M2∥2∞

|M|2


≤ t5(1 + |M|2),
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where

t5 = 4
r2

M
k2

M

∥∥∥M2
∥∥∥2

∞ ,

and with under condition

4r2
M + 4 p̃2 ∥C∥2∞ + 4d̃2

4 r2
M

k2
M
∥M2∥2∞

< 1.

So, if the conditions below are satisfied, then the model has a unique solution

max



4b2∥I∥2∞∥C∥2∞+4c2

4a2+ 4b2
p2 ∥I∥2∞∥C∥2∞∥T2∥2∞ ,

2(k2+e2∥T∥2∞∥I∥2∞+z2∥T∥2∞∥Z∥2∞+m̃2∥M∥2∞)
2 k2

q2 ∥C2∥2∞ ,

f 2,
γ2,

4r2
M+4 p̃2∥C∥2∞+4d̃2

4
r2
M

k2
M
∥M2∥2∞

,


< 1.

By the above theorem, we can say that the model has a unique solution.

4 Stochastic model

In this section, we add to the model under investigation some environmental noise. The idea was
suggested by Atangana, where randomness was added to some models [40]. In this section, we
convert the deterministic model to the following stochastic system:

dT(t) =
(

a + bI (t)C (t) T (t)
(

1 −
T (t)

p

)
− cT (t)

)
+ σ1T(t)dB1(t),

dC(t) =

(
kC (t)

(
1 −

C(t)
q

)
− eC (t) T (t) I (t)

−zC (t) T (t) Z (t)− m̃M (t)C (t)

)
+ σ2C(t)dB2(t),

dI(t) = (− f I (t)) + σ3 I(t)dB3(t),

dZ(t) = (−γZ (t)) + σ4Z(t)dB4(t),

dM(t) =
(

rM

(
1 −

M (t)
kM

)
M (t) + p̃C (t) M (t)− d̃M (t)

)
+ σ5 M(t)dB5(t),

T(0) = T0, C(0) = C0, I(0) = I0, Z(0) = Z0 and M (0) = M0.

The existence of a unique solution to a general equation has been presented. Besides this, we
have presented the conditions under which the deterministic model admits a unique system of
solutions. Now we can present a numerical solution of the model by converting the stochastic
model into an integral system below:

T(t)− T(0) =

t∫
0

T1(T, C, I, Z, M, τ)dτ + σ1

t∫
0

T11(T, τ)dB1(τ),
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C(t)− C(0) =

t∫
0

T2(T, C, I, Z, M, τ)dτ + σ2

t∫
0

T21(C, τ)dB2(τ),

I(t)− I(0) =

t∫
0

T3(T, C, I, Z, M, τ)dτ + σ3

t∫
0

T31(I, τ)dB3(τ),

Z(t)− Z(0) =

t∫
0

T4(T, C, I, Z, M, τ)dτ + σ4

t∫
0

T41(Z, τ)dB4(τ),

M(t)− M(0) =

t∫
0

T5(T, C, I, Z, M, τ)dτ + σ5

t∫
0

T51(M, τ)dB5(τ).

If we choose to apply the classical Adams-Bashforth to the first component of the system, we have

Tn+1 = Tn +
3
2

∆tT1(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T1(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ1

tn+1∫
tn

T11(T, τ)dB1(τ),

Cn+1 = Cn +
3
2

∆tT2(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T2(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ2

tn+1∫
tn

T21(C, τ)dB2(τ),

In+1 = In +
3
2

∆tT3(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T3(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ3

tn+1∫
tn

T31(I, τ)dB3(τ),

Zn+1 = Zn +
3
2

∆tT4(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T4(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ4

tn+1∫
tn

T41(Z, τ)dB4(τ),

Mn+1 = Mn +
3
2

∆tT5(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T5(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ5

tn+1∫
tn

T51(M, τ)dB5(τ).

Using a sequence of partition of the interval [tn, tn+1], the last integrals can be approximated to

Tn+1 = Tn +
3
2

∆tT1(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T1(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ1

n∑
i=n−1

T11(Ti, ci) [B1(ti+1)− B1(ti)] ,
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Cn+1 = Cn +
3
2

∆tT2(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T2(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ2

n∑
i=n−1

T21(Ci, ci) [B2(ti+1)− B2(ti)] ,

In+1 = In +
3
2

∆tT3(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T3(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ3

n∑
i=n−1

T31(Ii, ci) [B3(ti+1)− B3(ti)] ,

Zn+1 = Zn +
3
2

∆tT4(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T4(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ4

n∑
i=n−1

T41(Zi, ci) [B4(ti+1)− B4(ti)] ,

Mn+1 = Mn +
3
2

∆tT5(Tn, Cn, In, Zn, Mn, tn)

−
∆t
2

T5(Tn−1, Cn−1, In−1, Zn−1, Mn−1, tn−1) + σ5

n∑
i=n−1

T51(Mi, ci) [B5(ti+1)− B5(ti)] ,

where ci ∈ (tn, tn+1) .

5 Numerical simulations

Deterministic and stochastic modeling are two different approaches used in mathematical mod-
eling to represent and analyze systems. Stochastic modeling of tumors provides insight into
the inherent uncertainties and complexities associated with cancer biology. It allows researchers
to better understand the range of possible outcomes so in this section, we show the numerical
simulations for the considered stochastic tumor model which is given by

dT(t) =
(

a + bI (t)C (t) T (t)
(

1 −
T (t)

p

)
− cT (t)

)
+ σ1T(t)dB1(t),

dC(t) =

(
kC (t)

(
1 −

C(t)
q

)
− eC (t) T (t) I (t)

−zC (t) T (t) Z (t)− m̃M (t)C (t)

)
+ σ2C(t)dB2(t),

dI(t) = (− f I (t)) + σ3 I(t)dB3(t),

dZ(t) = (−γZ (t)) + σ4Z(t)dB4(t),

dM(t) =
(

rM

(
1 −

M (t)
kM

)
M (t) + p̃C (t) M (t)− d̃M (t)

)
+ σ5 M(t)dB5(t),

T(0) = T0, C(0) = C0, I(0) = I0, Z(0) = Z0 and M (0) = M0.

For the numerical simulations of the system, we consider the values of the parameters as follows:

a = 10−4, b = 0.175, c = 5 ∗ 10−3, k = 0.02, e = 0.15, f = 0.01, p = 1, q = 1, z = 1, γ = 0.001925,

rM = 0.64, kM = 3.39, p̃ = 4.5 ∗ 10−9, d̃ = 0.55, m̃ = 1.8 ∗ 10−5.

The initial conditions are given as follows:

T(0) = 0, C(0) = 1, I(0) = 4, Z(0) = 2 and M (0) = 3.
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In the model, the densities of randomness values are given as figures

σ1 = 0.001, σ2 = 0.015, σ3 = 0.012, σ4 = 0.013, σ5 = 0.014.

Tumors are influenced by a multitude of factors that exhibit probabilistic behavior. It is now
strongly believed that even micro-biota have a role in cancer development and treatment. Chemother-
apy, radiotherapy, and targeted drug therapy along with surgery are used to treat cancer caused
by factors such as the likelihood of benefit from treatment, stage of cancer, cytogenetic of tumor,
comorbidities and patients’ performance status. Considering these complex behaviours of tumors,
we observe that a more accurate depiction of the model’s complexity arises when we examine the
densities of randomness in the stochastic tumor model. These models assist researchers and clini-
cians in understanding the variety of tumor characteristics and developing strategies for tailored
and adaptive cancer therapy by simulating a range of potential outcomes. Tumors are influenced
by a multitude of factors that exhibit probabilistic behavior. Chemotherapy, radiotherapy, and
drug therapy are used to treat cancer caused by factors such as genetics, environmental factors,
lack of exercise, and stress. Cancer is a complex and dynamic system influenced by a multitude of
factors so stochastic modeling provides a more realistic representation of these processes.
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(a) Numerical simulation for CD8+T lymphocytes T(t)
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(b) Numerical simulation for cancer cells C(t)
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(c) Numerical simulation for IL-10 cytokine I(t)
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(d) Numerical simulation for anti-PD-L1 Z(t)
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(e) Numerical simulation for makrophages M(t)
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(f) Numerical simulation results of system for all classes
T(t), C(t), I(t), Z(t), M(t)
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(g) Numerical simulation for T − C phase
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(h) Numerical simulation for C − I phase
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(i) Numerical simulation for I − Z phase
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(j) Numerical simulation for Z − M phase
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6 Conclusions

One important class of white blood cells in the immune system are macrophages. They are a
component of the body’s primary defense against diseases and foreign invaders which is the
innate immune system. Also, macrophages are essential for both immune response and infection
defense because they clear pathogens and detritus from the body and coordinate the intricate
interactions between various immune system components. Given the importance of macrophage
cells to the body, this study includes a discussion of a novel tumor model and monitored the
propagation of the tumor model more comprehensively. The equilibrium points are produced
and the conditions proving the solution’s existence and exclusivity in relation to this tumor model
become clear. Then, the model is scrutinized carefully in terms of stochastic theory. In the end, a
number of numerical outputs for this model pertaining to the aforementioned stochastic model
are presented here.
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