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Abstract

This study introduces several updated results for the piecewise plant-pathogen-herbivore interactions
model with singular-type and nonsingular fractional-order derivatives. A piecewise fractional model
has developed to describe the interactions between plants, disease, (insect) herbivores, and their
natural enemies. We derive essential findings for the aforementioned problem, specifically regarding
the existence and uniqueness of the solution, as well as various forms of Ulam Hyers (U-H) type
stability. The necessary results were obtained by utilizing fixed-point theorems established by Schauder
and Banach. Additionally, the U-H stabilities were determined based on fundamental principles of
nonlinear analysis. To implement the model as an approximate piecewise solution, the Newton
Polynomial approximate solution technique is employed. The applicability of the model was validated
through numerical simulations both in fractional as well as piecewise fractional format. The motivation
of our article is that we have converted the integer order problem to a global piecewise and fractional
order model in the sense of Caputo and Atangana-Baleanu operators and investigate it for existence,
uniqueness of solution, Stability of solution and approximate solution along with numerical simulation
for the validity of our obtained scheme.

Keywords: Crossover behavior; piecewise global fractional derivatives; Newton interpolation formula;
equicontinuous mapping; Schauder’s fixed point theorem

AMS 2020 Classification: 34A34; 34A36; 92B05

1 Introduction

The interactions between plants, herbivores, and pathogens in nature are complex and multifaceted.
According to a reference [1], approximately 50% of the estimated 6 million species of insects are
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herbivorous. On the other hand, plant pathogenic microbes pose significant threats to plants
[2], but their total number has not been accurately estimated. Plants have evolved sophisticated
defense mechanisms to detect and respond to multiple attacks by herbivores and pathogens
[3]. These mechanisms can be broadly classified into two types: physical and chemical defenses.
Regarding chemical defense, plants have the ability to release volatile organic compounds (VOCs)
that can attract natural enemies of herbivores. This process can ultimately help to decrease
herbivore pressure [4, 5]. Predatory mites and parasitic wasps are among the natural enemies of
herbivores that are attracted by volatile organic compounds (VOCs) released by plants [6].

A good example of this is when lima bean and apple plants are attacked by spider mites. In
response to this damage, the plants release volatile compounds that can attract predatory mites to
help control the spider mite population. Similarly, several plant species, including cucumber, corn,
and cotton, release herbivore-induced plant volatiles (HIPVs) when attacked by herbivores. The
use of HIPVs can help control pests and potentially reduce the need for artificial pesticides. Plants
have the ability to release HIPVs, which are lipophilic liquids with high vapor pressures that can be
emitted from various parts of a plant, such as its leaves, flowers, and fruits [7]. Through the release
of HIPVs, plants may help protect forestry and agriculture by potentially attracting predatory
arthropods or repelling herbivores, ultimately promoting plant fitness [8-10]. In addition, the
release of volatile compounds can also help damaged plants by attracting natural enemies of
herbivores [11]. Studies focusing on the interactions between plants and herbivores, as well as
plants and pathogens, have been extensively researched. The influence of VOCs in mediating
tri-trophic interactions, which occur when plants are attacked by both herbivores and pathogens,
has yet to be fully understood. In a recent study by Liu et al. [12], they examined a model
that involved plants, herbivores, and natural enemies of herbivores in the context of tri-trophic
interactions, but did not take into account the potential pathogenic effects on the plant population.
The study indicated that an increase in the strength of plant-induced volatile attraction to natural
enemies resulted in a greater fluctuation amplitude of plant biomass and herbivore population.

Previous studies have primarily investigated the interactions between plants and either herbivores
or pathogens. However, the extent to which VOCs mediate tri-trophic interactions when plants
are attacked by both herbivores and pathogens remains uncertain. In a recent study by Liu
et al. [12], they investigated tri-trophic interactions involving plants, herbivores, and natural
enemies of herbivores without considering the pathogenic effects on plant populations. They
found that an increase in the attraction strength of plant-induced volatiles to natural enemies
leads to high fluctuation amplitudes of plant biomass and herbivore populations. Based on the
study by Fergola and Wang [13], when the attack strength of natural enemies reaches a certain
level, the fluctuation amplitude of plant biomass and herbivore population decreases, and the
plant biomass tends to approach its environmental carrying capacity. They enhanced Liu et al.’s
model [12] by considering the impact of time delay. Their research indicated that for Volterra-type
interactions, chemical attractions do not affect the threshold value for the persistence of herbivore
and carnivore populations. In addition, their observations showed that the presence of carnivores
could lead to a decrease in herbivore density while increasing plant density. Moreover, the model
demonstrated a fold bifurcation when the predation process follows Leslie-type interactions.

Based on the literature discussed above, we investigated a model for plants [14] using the frame-
work of piecewise derivative and integral operators. The model consists of four compartments,
including the susceptible plant compartment (S), the infected plant compartment (I), and the
herbivore (Y) and natural enemy (Z) populations. The system of ordinary differential equations
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can be expressed as follows:
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The parameters used in the above system with details are presented in Table 1.

Table 1. Details of the used parameters in model (1).

Notations Details

r The growth rate of plant
k The rate of environmental carrying capacity
B The rate of transmission of the disease
« Rate of the inhibition effect
w Death rate of the infected plants
dq Herbivore death rate

C1,C The rates of conversion
u The rate herbivore natural enemy

P1,P2 The rates of predation for plants

Fractional derivatives are known for their ability to incorporate memory and genetic effects,
making them essential for studying various real-world dynamic problems. The application
of fractional-order derivatives in mathematical models of infectious disease spread makes the
situation more realistic and plausible. The conventional fractional calculus method involves
long memory effects, which can lead to complications when dealing with long-term calculation
problems. Moreover, power-law long memory is represented using classical fractional calculus
mathematical tools, which consist of fractional order derivatives and integrals. Several researchers
have presented different fractional operators and investigated mathematical modeling of linear
and nonlinear problems to discuss real-world phenomena [15-18]. It is worth noting that when
modeling different memory phenomena, the memory process is generally split into two stages.
The memory process is typically divided into two stages, one involving short-term memory with
permanent retention, while the other is governed by a simple fractional derivative model [19].
To tackle the issue of short-term memory, it is necessary to employ equations with piecewise
fractional-order derivatives. This approach can enhance performance and efficiency, enabling
clearer explanations of physical phenomena (see [20] for further information). Moreover, the idea
of using piecewise derivatives of fractional orders has recently been explored in several studies.
The concept of piecewise fractional differential equations has been employed by researchers in
recent studies, after Atangana and Araz presented in [21], to explore various dynamical systems
[22-24]. Such operators have proven useful in solving problems that exhibit crossover behavior
and are gaining popularity among researchers. For instance, in [25], the CAT-T cells-SARS-2
disease model was investigated using the concept of piecewise fractional differential equations.
Similarly, a Covid-19 model was studied using this approach in [26]. Additionally, authors
in [27] examined the third wave of the Covid-19 outbreak in Tiirkiye, Spain, and Czechia by
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employing piecewise differential and integral operators in their model. In addition, the concept
of piecewise operators is being utilized by several authors to obtain numerical results for the
food web model (see Ref. [28]). Numerous works have been documented by several researchers
regarding piecewise differential and integral operators with various operators [29-33].

As for as the contribution of our article is concerned, we have converted the integer order problem
to a global piecewise and fractional order model in the sense of Caputo and Atangana Baleanu
operators (PCABC). As fractional operators are generalized because they have an extra degree
of freedom and choices. Therefore, we checked the dynamics of different fractional orders lying
between 0 and 1, and compared them with the integer order. On small fractional orders, stability is
achieved quickly. The piecewise fractional model is investigated for the existence and uniqueness
of the solution in the sense of fractional Caputo and Atangana Baleanu operator having a kernel
of non-singularity in the form of the exponential function. The approximate or semi-analytical
solution is obtained by the technique of piecewise fractional Caputo and ABC derivative. Taking
different fractional orders we have simulated the obtained scheme for the first four terms. We
have also compared the fractional dynamics with the integer order dynamics. All the quantities of
the proposed problem are converging to their equilibrium points showing spectrum dynamics
with the removal of singularity as well as the crossover or abrupt dynamics.

Motivated by the above-mentioned work, we study the system taken from [14] in the sense of
piecewise Caputo and Atangana-Baleanu-Caputo operator as given below:

v 1
PCABCDYS (1) = S[r(1— §) — s — 1Y),

v S
SCABCD I(t) = (155 —w),
PCABCD”Y t) ( Y + C1p18 — pzZ),

(
PCABCD”Z(t) = —YoZ + CopaYZ + .

@)

In order to elaborate further, equation (2) can be expressed as follows:

C _C
CABCDys(5(1)) CDY(S(¢)) =C £,(S,LY,Z,t), 0<t<t,
0 t ABC v ABC
DY (S(¢ ))— £1(SLY,Z1t), 4 <t<T,
C
CABCDy(1()) — CDY(I(¢) =€ £,(S,L,Y,Z,t), 0 <t < 4,
0 t ABC v __ABC
DY (1(¢)) =2BC £,(S, 1Y, Zt), n <t <T,
t)) =C£3(S,LY,Z,t), 0 <t <4,
Y(t)) =2BC £5(S, LY, Z,t), n <t<T,
SDY(Z(¢t)) =C £4(S,LY,Z,t), 0 <t <y,
SBCDY(Z(¢)) =B £4(S, LY, Z,t), 6 <t<T,

®)

Cv
DY (Y

v 0™t
67Dy (Y(1) = {ABCDv
0o Di

—~~

ﬁI|

7D} (2(v)) = {

In our study, we used piecewise fractional operators to describe the dynamics of the system, as they
can capture crossover and abrupt dynamics effectively [34, 35]. Specifically, we applied different
fractional operators to different intervals of the system and provided a qualitative analysis for each
subinterval. To assess stability, we used the UH stability analysis. Furthermore, we investigated
the utilization of piecewise terms and fractional orders in the final step of the system to obtain
approximate solutions that can accommodate dynamics of both integer and rational orders.

The rest of the paper is organized as in the section 2 we include some preliminaries in form of
definitions and lemmas. Section 3 comprised with the existence and uniqueness of solution of
said model along with the stability of solution. In section 4 we established the numerical scheme
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for the approximate solution of model in fractional piecewise format. To show the validness of the
obtain scheme we provide the graphical representation in the section 5 of numerical simulation.
At the end we give the concluding remarks.

2 Preliminaries

In this section, we recalled some definition from the literature.

Definition 1 [16] The ABC operator of a function X(t) with the condition X(t) € H(0, T) is defined as
follows:

weor(x() = AP [ xe, [~ @

Definition 2 [16] If we consider X(t) € H'(0, T), the ABC integral can be expressed as follows:

AEIX(E) = e X+ RECTaT ), X (=) 5)

Definition 3 [15] Let a function X(t), the Caputo derivative can be defined as:

SDIX(1) = sy | X )t =9 ay

Definition 4 [21] Assume that X(t) is a function that is differentiable in a piecewise manner. In this case,
one can compute the piecewise derivative of X(t) using Caputo and ABC operator.
C

PCABC poy(,) — o DiX(t), 0 <t <4,

0 t (t) ~— Y ABC v
The piecewise differential operator Y“4BCD? can be used to calculate the piecewise derivative of X(t).
Specifically, the Caputo operator is employed in the interval 0 < t < t;, while the ABC operator is used in
the interval < t < T.

Definition 5 [21] Let X(t) be a function that is piecewise integrable. We can then compute its piecewise
derivative using the Caputo and ABC operators

| X@-p ), 0<r<a,

gCABCItX(t) — 3]

1— v v t 1
. — v < .
pe, X8+ QBCUFUJ X(y)(t—y)" " d(y) n <t<1T

4l

We can represent the piecewise integral operator as ECABCI? where the Caputo operator is applied in the

interval 0 < t < #1, and the ABC operator is applied in the interval t{ < t < T.

3 Theoretical analysis

This section focuses on establishing the existence results and uniqueness of solution for the
proposed system in the context of piecewise functions. We will investigate whether a solution
exists for the hypothetical piecewise differentiable function and its particular solution attribute.
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For the required solution, we will utilize the model (3) and provide additional clarification as
follows:

ECABCDfaZ/(t) = G(t,%(t)), 0<v<1,

70 = %
is equal to
U+ s [ G0 0< i<
u(r) = i t
%) + 5y 7 () + gperary ) 0SB X W)l a<i<T,
where
S(¢) So Sy
TR (N LN [ SN N e
Z(1) Zo Z

we consider i = 1,2,3,4 and take 0 < t < t < oco. Let Ej represent the space for all piecewise
differential function from C[0, ¢] to R, obviously it is a complete normed space and thus the Banach
space E; = C|[0, t], equipped with a norm

|% || = max |Z (t)].
t€(0,¢]

We assume the following growth condition:

(C1) 3Ly >0;YG, Z € Ewehave
G(e, %) —G(t, %) < Lg% — |,
(C2) 3Cg >0& Mg >0,
G(t, % (+))| < Cal%| + Mg.

If G is piece-wise continuous on (0, 4] and [#, T] on [0, 7], also satisfying the assumption (C2),
then (3) has > 1 solution.

Proof 1 We can apply the Schauder theorem to define a closed subset B and E in both subintervals of the
interval [0, $].

B={% c€E: |[%Z| <Rip Rip >0},
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Consider a mapping $ : B — B and using (6) as

1 [n 5
Uy + —J Gy, % (y)(t—y)" dy, 0< t <,
F(”) 0

5(%) = 1—v v ¢ ®
U () + mc(t/%(t» + WL (t—y)" "Gy, % (y)d(y), n <t<T.

Any % € B, we have

)+ jo”<t—y>”—1|c<y,%<y>>|dy,

IN

5(2)(0) ’, .
)+ gy O D+ Kpeiaey |, (6~ IG6 2 5)dty)

1 1 v—1
01+ 5 | (=) Cal 1+ Mald,

IN

%)l + Alﬁ(”y)[ca% + M|+ S5 Kl(t—y)”_l[Ccl%l + Mgldy,

I'(v+1)
W)+

)
|| + CulZ|+Mg|] =Ry, 0<t< g,

IN

o(T—T)?
ABC(2)T'(v) +1

[CG|%| + MG] + [Cc;|02/| + MG]d(’l}) = Rz, <t < T,

1—v
ABC(v)
Ry, 0<t<y,
{Rz, y <t<T.

Upon analyzing the previous equation, it can be concluded that % belongs to the set B. As a result, it
follows that $(B) C B, indicating the closure and completeness of $. To further showcase its complete
continuity, let us consider the initial interval in the Caputo sense as t; < t; € [0, #1].

t

] ti
r(ly) JO (4 —9)" "Gy, % (y))dy — ﬁ JO (t— )" 'G(y, % (y))dy

1

I'(v) J;[(q — )" = (—9)" IG(y, % (y))Idy

1$(%)(4) =$(%) ()l =

4

IA

* r(lv) J:(tf ~ )" Gy, % (y))ldy,

= %v)“;K”_y)y_l_(tf_y)v_l]d“E“f—w”‘ldy]<CH|%|+MG),

Next (9), we obtain t; — t, and then

1$(%)(t) —$(% ) (4)| = 0, as 4 — 4.
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So, $ is equi-continuous in [0, t1]. Consider t;, t; € [, T| in the sense of ABC as

$(%)(4) —8(%) (1)l = ‘%G(a%(t)) + Wf’@ — )" 'G5, % (y))dy,

4l

AECTy Sl () + W)m) -0 6t 2 (),

IN

mr’[( )" = (5= )" NGy, % (4))ldy

* mfﬁf—y)”1|G<y,%<y>>|dy,

< ameiar || 0 = G
+ th<fj—y)”_1dv (Cel%|+ Mg),

t

o(Ce + Mg)

IA

ABC(o)T (v—l—l)[ § =4 +2(5—6)"). (10)

Ift; — tj, then
$(%)(5) —$(%) (1)l — 0, as 4 — ;.

Therefore, it can be concluded that the operator $ exhibits equi-continuity in the interval [#, T|, thus making
it an equi-continuous map. By applying the Arzela-Ascoli theorem, it can be inferred that $ is uniformly
continuous, continuous, and bounded. Furthermore, based on the Schauder theorem, it can be established
that problem (3) has at least one solution in the subintervals.

Moreouver, if the operator $ satisfies the condition of being a contraction mapping with assumption (C1),
then the proposed system possesses a unique solution. The mapping $ : B — B is characterized by being
piece-wise continuous, let us consider two elements % and % € B on the interval [0, 4] in the sense of
Caputo, as follows:

I52) ~S(2)| = max | | (1=0) "Gl % ()dy— 5 | (1= 0" Gl Z ()],
< F(TH)LGH% 7). a1

From (11), we have

_ T? _
— < - — )
I52) =$(2)|| < 50,y el ~ 7| (12)
Consequently, it follows that $ satisfies the contraction mapping condition. Thus, according to the Banach
fixed-point theorem, the problem at hand possesses a unique solution in the given subinterval. Additionally,
it is worth noting that ¢ € [y, T] in the ABC sense:

1— (T —T?)

I(%) S < gy lall” ~ 7| + gpcorir k% ~ 71, 13)
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or

1—wo v(T—T)"

I$(%) =$(#7)ll < Le ABC(s) " ABC(o)T(v+1)

|% — 7| (14)

This implies that $ satisfies the contraction mapping property. Consequently, the problem being considered
has a unique solution in the given sub-interval by virtue of the Banach fixed-point theorem. Therefore,
taking into account equations (12) and (14), it can be concluded that the proposed problem has a unique
solution on each sub-interval.

Analysis of stability

To prove the Ulam-Hyers stability for the considered model, we need to show that small perturba-
tions in the initial conditions or the parameters of the model result in small perturbations in the
solution of the model. This can be done by showing that the operator § is Lipschitz continuous
with respect to the initial conditions or the parameters of the model.

Definition 6 The considered system (1) is said to be U-H stable if, for every X > 0, the inequality holds
true.

‘PCABCDfU(t) —f(t,U(t))( <X, for all,t €T, (15)
There exists a unique solution U € Z that is constant A > 0,
|lU-TU||, < AX, for all,t € T, (16)

Furthermore, if we consider an increasing function ¥ : [0,00) — R, the inequality described above can be
expressed as follows:

|[U-TU||, < A¥(X), for each,t € T,
If¥(0) = 0, then the resulting solution is considered to be generalized U-H (G-H-U) stable.
Remark 1. Assuming that a function ¥ € C(7") does not depend on U € #  and satisfies ¥(0) = 0,
we can conclude that:

[Y(t)] < X, teT
PCABCD (¢) f(t,U(t))+Y¥(¢),teT.

Lemma 1 Consider the function

PCABCDYU(¢) = £(¢,U(¢)), 0 < v < 1. (17)
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The solution of (17) is

t
Up + %L £(5,U(y)) (t—5)* dy, 0 < £ < 1

U(t) = 1, } ; (18)
U(n) + mf(f:U(f)) + ABC(2)T(2) Jtl(t—y)”lf(y,U(y))d(y), n<t<T,
_ r(ﬁinx't €T
|F(U) = F(U)|| < [(1—7/)F(”)+(Tf)}x—/\x teT; ")
ABC(2)T'(v) Y z

Theorem 1 The implication of Lemma (1) is that if er(—z:)y < 1, the solution to model (2) is H-U stable as
well as G-H-U stable.

Proof 2 If U € W is a solution of (2) and U € W is also a unique solution of (2), then we can conclude
that

Case:1 for t € T, we have

— 1 (b Y —
lu-T|| = sup U-— (UO+WL (k1 —y) 1f(.t/,U(y))dy)

ty —
< sup ’U— (Uo + %J (1 —y)" £ (3 U(y)) dy) ’
teT v Jo (20)

1 rh . 1 (b Y —
+sup +WL (t—y) 1f(y,U(y))dy—mJ0 (h1—9)" ' (5, 0(y)) dy

,7-007; LfTOO
STt

On more calculation

TOO
lu-1|| < (””—L%) X. (21)
© T(v+1)

Case:2

[0-0|| < sup|u- V() + 5pe s (£, U0)

T
+ m U;(t—y)“f(y,ﬁ(y)) d(y)m
1—v

+ sup et |6, U(0) ~£(, T0)

t

+ sup g j (t— )" 1 |f (5, U(y)) — £ (5, O(»))| ds.
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Using A = [%} and further calculation we have

lU=U], < Ax+AL;|[U-T]],,,

— A
lu-1], < (1A) X
Ly

o A
. T'(v+1)
A = max ( LT, ) , AL
1- o A
I'(v+1)

or

We use

Now, from Eq. (21) and (22), we have

|lU-U||, < AX,at everyt e T.

| 11

(22)

Thus, we can conclude that the solution to model (2) is H-U stable. Additionally, if we substitute X with

¥ (X) in (23), we get:

|lU-U||, < A¥(X),at eacht € T.

Therefore, we can infer that the solution to our proposed model (2) is G-H-U stable based on the fact that

¥(0) = 0.

4 Numerical scheme

Here, we will find the numerical scheme for the considered system (2).

PCABCDYS (1) = S[r(1 — $) — L Y],

S 1+aS
gCABCD”I( ) I(lias . w)’

t
PCABCD” Y(t) =Y(—Y1 4+ C1p1S—p22),
PCABCD”Z(t) = —Y2Z+ CopoYZ + .

Using the piecewise-integral of Caputo and ABC derivative, we have

(23)
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S(t) = So + r(ly) 0 (E=y)" 11 (6,S)dy 0 <t < 1,
S(t1) + 4 ( ) (t,S)dy + BT L1 “(,S)dy 4 <t < T,
I(t) = lo+ ﬁ o (t—4)" "1 (¢, )dy 0 <t < g, 21
I(tl) + ( )f2<t I)dy+ AB :)1- J‘tl fz(t I)dy Hn<t<T,
(t) — YO + % 01 (t_y)v_lcf3(t/Y)dy 0<t<mn,
Y(t )+AB(”)f3(t Y)dy + 2550 ftl ) H3(e,Y)dy 0 <t <T,
() = Zy+ (1) o (t— )" (1, Z)dy 0 <t < 1,
Z(t) + 4 ( 507 14(6 2)dy + 45050 Ll )P Uy (e, Z)dy 0 <t < T.
Att =t

So + % (t)l (t—y)y_lcfl(t,S)dy 0<t<y,
S(t1) + AB(”)fl(t S)dy + A5t jt"“ (t—y)" M (t,S)dy 4 <t <T,

— _ \v—1C
I(t) = {IO+ I'(v) 1(t y) fZ(t/E)dy 0<t < t,

(1) + apefe (6. Ddy + 250500 [ (t—y)" (e, )dy 4 <t <T,

YO+ﬁ D(t—) " 1Ch (e, D)dy 0 <t < 4,
Y(t1) +3 ( )f3(t Y)dy+ ABT() ) © t”“(t— y)" H3(e,Y)dy o <t <T,

Z(t) B Zo—f—ﬁ 1(t—y)y_1cf4(t, )dy 0<t<y,
Z(t) + AB(W)f‘l(t Z)dy + Z505T00) ft”“ (t—y)" Ha(t,2)dy n <t<T.

Using the Newton polynomials and some calculation, we have

i

005 [T 2 L0 5 [ ) - 2 )] A
Mo+ 1) & 1 Sx—2 Mo+2) & 1 Stx—1 1 Jtx—2
o o(At)71 i Cf (S5, tx) — 2561 (S, x_1) +C £1(S2, b o) | A
(o 13) 2 1(8%, tx 1 S tx—1 1 Stx—2
_ ABC
_ 1—v ABC¢ (an v ()" & X—2
S(tns1) = ABC(v) f(S", t”)+ABC(v) r(y+1)X§+3 (ST tx2) | T
v (o) & Y X2
S(t1)+<{ + ABC(s) T(v £2) x§'+3[ £1(S* 7, tx—1) + ABCf(S Jx-z)] A
LY (o)1 i ABCf (SX, tx) — 28BCE, (ST 1y 1) +ABC £ (X2 1 o)A
\ ABC(’(/) F(U+3) s 1 X 1 s EX—1 1 s EX—2 7

(25)



i

(At)71 >

[(v+41) =

Iy +
v(At)71

1—v apc

[(thy1) = ABC(o)

(4

c
[ f2 (X2, tx-z)] IT+

i

>

o(v+3) &
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i

2

X=2

(At)7~!
I'(v+2)

c
{ f (1 txq) =€ f2(1X2,tX_2)] A

c
[ (1%, tx) — 256 (T, 1xq) +C £2(1F2, tx-z)] A

n

o

X=i+3

v (ot)7—1
ABC(0)T(v 11

(26)

ABC
f2 (In tn) [

£,(1X2, fx-z)} IT

(vt)v—l

I(tl)-l- +

v

ABC(v) (v 1 2)
v(ot

n ABC
[ f2(IX1, tx_1) + ABCH (X2, fxz)] A
X=i+3
n

2

ABC

)"

i

(At)v—l Z

[(v+1) &
Yo + X=2

At v—1
L oA

1—
ABC(v)

Y(ti’l+1) =

v

T ABC(2) T(v + 3

2M(v+3) &

Y ABC

£ (1%, tx) — 288C6, (X1t ) +4BC £,(1F2, fx2)} A,

1
)

X=i+3

i

>

X=2

(At)71

C

c
[ f3(YX 2, fx2)} T+
i

>

c
[ £5(YX, tx) — 2563 (Y, i 1) +C £5(Y 2, fxz)} A

n ABC

2

X=i+3

v (o)1

ABC(0) [(v+1) 27)

f3(Y", ty) +

f5(YX2, fxz)} 1

n

(vt)” 1

v

T ABC()T(v 1 2)

S| O ) + ABCH(K 2 )| A

X=i+3
n

[ABC

ABC

v(vt)?~

i

>

(At)71
I'(v+1)

Zy+
v(At)?~1

1-—
ABC(7)

Z<tn+1) =

v
+

T ABC(») T(v 43

X=2

(v +3) &

Y ABC £,

(
(( £5(YX, tx) — 24P £5 (Y 1) +2BC (Y2, tx—z)} A,

1
i
X

—i+3

i

>

X=2

(At)71

C
(o 2| B2 ) 6@ )| A

C
[ £4,(Z2X2, fxz)} T+
i

>

c
[ £4(ZX, tx) — 2564 (257 tx 1) +C £4(ZX 2, fxz)} A

n ABC

2

X=i+3

v (o)1

ABC(v) T(v+1) (28)

(Z",ty) +

£4(2X2, fx-z)} I

n

(v)"”

Z(tl) + ABC(

v

ABC
|: f4 (ZX_l, tx_1) + ABCfy (ZX_Z, tx_z):| /\

)T y+2)X=Zi+3

n ABC

ABC

Here

. ~(xeem) (2

(
v(vt)?~
(

T3 £4(Z%, tx) — 2°PC£, (2, tx_q) +1PC £4(22, tx_zﬂ A.

1
i
X

=i+3

(1—X+ m)”(Z(—X—}—m)z + (304 10) (=X 4 m) 4+ 20 + 9o + 12)

4

—X 4 m)? + (504 10)(m — X) + 62* + 187 + 12)
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(1—X—|—m)”<3—|—n—|—2v—X)

A =

4

-4—x+mmﬁ+6v—x+3)

A=[1-X+m)?”—(-X+m)” ],

and

The above Egs. (25)—(28) are the required solution for the aforementioned system.
5 Results and discussion

In this section we provide the numerical simulation of all four quantities of the considered
piecewise problem on different fractional orders using the data of Table 2 taken from [14]. We
also check the dynamics on two different intervals in the sense of Caputo and ABC fractional
operators. The biological interpretation and their explanation are given in the article [14]. Further,
the graphical results are simulated on different values lying between 0 and 1 which shows the total
density of each quantity in the form of a continuous spectrum. Furthermore, chaotic dynamics
are present in both divergent and convergent cases. All four quantities in the ecosystem oscillate
which shows the dependence of one quantity over another one. The piecewise simulation is also
provided on two subintervals the total time showing the sudden change dynamics or the crossover
behavior

Table 2. Parameters and their description in model (1)

Notations Numerical values - 1 Numerical Values - II
r 4.5 3.8
k 5 15
B 2 2
o 0.25 0.5
w 1.6 1.6
d; 1 1
C1,C2 1, 1 1, 1
u 1 1.24143
P1,P2 2,1 2,1

The graphical representation of the four compartments is given in Figures 1a-1d with chaotic
behaviors or phase portraits are given in Figures le-1f on different fractional orders using data
of Table 2 numerical values-I. The extra information is provided by the fractional operators by
taking extra orders lying between 0 and 1. For such data, the susceptible as well as infected plants
are fluctuated or oscillated along with the other two quantities of Herbivores having the same
dynamic. For this data, the said analysis is not converging faster as shown in the phase portrait
figures.
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(a) (b)

(c) (d)

(e) 6]

Figure 1. Dynamics of all the four compartments, on different arbitrary fractional orders » = 0.75, 0.85, 0.95, 1
and time durations on any of the interval for the numerical value-I.

In figures 2a-2f, the graphical representation of the four compartments are given with chaotic
behaviors or phase portrait are given on different fractional orders using data of table 2 numerical
values-II. The extra information are provided by the fractional derivatives by taking extra orders
lies between 0 and 1. For such data the susceptible as well as infected plants are fluctuated or
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oscillating along with other two quantities of Herbivores having the same dynamics. But this time
the said analysis is converging faster as shown in the phase portrait figures.

1.5
—0.75
—0.85
1 0.95|
. —1
0.5}
. ‘ 0
0 50 100 0 50 100
T T

(@ (b)

AR AR I

fueHdu0g DL =

0 50 100 0 50 100

(c) (d)

(e) (f)

Figure 2. Dynamics of all the four compartments, on different arbitrary fractional orders » = 0.75, 0.85, 0.95, 1
and time durations on any of the interval for the numerical value-IL

In Figures 3a-3f, the graphical representation of the four compartments are given with chaotic
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behaviors or phase portrait are given on different fractional orders using data of table 2 numerical
values-I on two sub intervals showing the crossover behaviors. The extra information are provided
by the fractional derivatives by taking extra orders lies between 0 and 1. For such data the
susceptible as well as infected plants are fluctuated or oscillating along with other two quantities
of Herbivores having the oscillating dynamics. But this time the said analysis is not converging
faster as shown in the phase portrait figures.

In figures 4a-4d, the graphical representation of the four compartments are given with chaotic
behaviors or phase portrait are given on different fractional orders using data of table 2 numerical
values-I on two sub intervals showing the crossover behaviors. The more information are provided
by the fractional derivatives by taking extra orders lies between 0 and 1. For such data the
susceptible as well as infected plants are shifting in one another oscillating along with other two
quantities of Herbivores having the overlapping dynamics.

2 1.6
—0.99
—0.98
1.5
E
1 L
0.5 : — ) ‘
0 50 100 0 50 100
T T
() (b)
1.4 ‘ 1
1.2; < =
_—
;_’ 1
—0.99
0.97
—0.96
0.6 : ) ‘
0 50 100 0 50 100
T T

(c) (d)

Figure 4. Dynamics of all the four compartments, on different arbitrary fractional orders v = 0.99, 0.98, 0.97, 0.96
and time durations on any of two sub intervals [0, 1], [t1, t] for the numerical value-I showing the crossover
dynamics.

In figures 5a-5f, the graphical representation of the four compartments are given with one another
depending behaviors or phase portrait are given on different fractional orders using data of table 2
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—0.98
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Figure 3. Dynamics of all the four compartments, on different arbitrary fractional orders » = 0.99, 0.98, 0.97, 0.96
and time durations on any of two sub intervals [0, f1], [t1, ] for the numerical value-L

numerical values-II on two sub intervals showing the crossover behaviors. The extra information
are provided by the fractional derivatives by taking extra orders lies between 0 and 1. For such
data the susceptible as well as infected plants are fluctuated or oscillating along with other two
quantities of Herbivores having the oscillating dynamics which converges faster as shown in the
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phase portrait figures.

1.5
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Figure 5. Dynamics of all the four compartments, on different arbitrary fractional orders » = 0.99, 0.98, 0.97, 0.96
and time durations on any of two sub intervals [0, f1], [t1, t] for the numerical value-II.
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6 Conclusion

Fractional-order differential equations with short memory play a crucial role in describing various
real-world problems. Based on this premise, the current work explores a four-compartmental
fractional-order plant model using the concept of piecewise derivative in both the Caputo and
ABC sense. The study has further successfully investigated for the existence results, uniqueness of
solution, and stability analysis of the considered problem, utilizing the fixed point concept and
nonlinear functional analysis tools. Substantial results were obtained and presented in this work.
The numerical solutions of the piecewise fractional model were computed using the Newton
Polynomial technique in this study. MATLAB-18 was utilized to depict the numerical results for
various fractional orders and time durations in this study. The results indicated that the piecewise
data provided additional information that described crossover dynamics for different fractional
orders. The graphical results obtained from both the piecewise and fractional order analysis were
found to be highly intriguing as such analysis are more informative and generalized in the contrast
of other relative work. The convergence and stability results are obtained by using fractional,
piece wise fractional aspects. Fractional operators are generalized because they have an extra
degree of freedom and choices. Therefore, we checked successfully the dynamics of different
fractional orders lying between 0 and 1, and compare them with the integer order. On small
fractional orders, stability is achieved quickly. Further, the piecewise fractional model is also
tested validly for the existence and uniqueness of the solution in the sense of fractional Caputo
and Atangana Baleanu operators having a kernel of non-singularity in the form of an exponential
function. The approximate or semi-analytical solution is obtained by the technique of piecewise
fractional Caputo and ABC derivative having the fractional parameter which shows the extra
degree of freedom. Taking different fractional orders, we have simulated the obtained scheme for
the first four terms. We also compare the fractional dynamics with the integer order dynamics.
All the quantities of the proposed problem are converging to their equilibrium points showing
spectrum dynamics with the removal of singularity as well as the crossover or abrupt dynamics.
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Abstract

The maintenance of free calcium in the cytoplasm is requisite for cell integrity and the regime of
the multi-cellular process. Overproduction and degradation to manage this cellular entity produce
offensive changes in tissue performance and as a result, commence fibrotic diseases. Thus, there
is a necessity to know the cellular process for the inclusion and extrusion of free calcium. Here, a
mathematical model is framed to investigate the role of buffer and calcium concentration on fibroblast
cells. In this context, the Caputo-Fabrizio advection reaction-diffusion model along with apposite
biophysical initial and boundary conditions is considered. The analytical solution is obtained and
used to analyze the diverse mechanisms of calcium on fibroblast cells. The obtained results reveal that
when the fractional order goes to one, the Caputo—Fabrizio fractional derivative provides a concise
calcium profile and well-managed cellular entity due to the exponential kernel law.

Keywords: Calcium concentration; buffer; fibroblast cells; fractional advection reaction-diffusion
equation; Caputo-Fabrizio fractional derivative

AMS 2020 Classification: 26A33, 35Q92, 35R11, 92B05, 97M10

1 Introduction

Fibroblast is non-excitable and heterogeneous structural cells whose primary function is the
production of extracellular matrix for tissue maintenance and repair. It plays a pivotal role in
maintaining tissue integrity, and in healing processes. They participate in fibrotic disorders in
the lung, skin, and other tissues. All these events are closely related to another mechanism in
cells, particularly with the signals from the local environment or extracellular medium and the
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calcium diffusion mechanisms [1]. Calcium ion acts as a messenger to perform all these functions
in fibroblasts cell. Fibroblast cell regulates calcium concentration at different levels in response to
the requirements for activation and performance of various physiological processes like wound
healing, tissue remodeling, and tissue growth. This calcium regulation mechanism and the calcium
concentration levels are required for cellular activities and their maintenance [2]. Therefore, it is
necessary to understand calcium regulation processes in fibroblast cells. This calcium regulation
mechanism involves processes like diffusion, advection, flux, and buffering phenomena.

Buffer binds the excess calcium present in the cell to form bound buffers and lower the calcium
concentration in the cell [3]. The calcium in excess of a limit for a longer span will be toxic and can
cause cell death [4]. On the requirement for a higher concentration of calcium for any physiological
process in fibroblast cells, these bound buffers release it to fulfill the requirement. Thus, the buffers
act as stores of calcium concentration and also perform functions like source and sinks to regulate
the concentration levels.

Experimental studies have shown that fibroblast shows excitability in particular growth stages.
The excitability of a cell is an important mechanism in calcium signaling since a strong interplay
exists between the membrane potential and the internal calcium concentration. The increase
in intracellular calcium associated with action potentials provides a mechanism for long-range
and fast-coordinated calcium signaling in excitable cells. Although in-excitable cells it has been
reported that fibroblast functions are unclear. Thus to fully understand the calcium regulation
mechanisms in fibroblast cells, it will be important to understand the local changes in calcium
levels.

Several theoretical investigations are reported in the literature to study calcium dynamics in
fibroblast cells [5, 6]. Also, some mathematical model has been developed in the literature to study
calcium dynamics in astrocyte [7-9], neuron [10-18], myocytes [19], oocyte [20, 21], T lymphocyte
[22, 23], cholangiocyte [24] and another cell. But, no attempt is reported in the literature to study
the effect of disturbances in intracellular calcium dynamic on fibroblast cells with an exponential
kernel law. In the view of above, here an attempt has been made to develop a mathematical
model to investigate the role of buffer and calcium concentration on fibroblast cells with the
Caputo-Fabrizio fractional operator. To the best of the author’s knowledge, no attempts are
registered to investigate the effect of calcium dynamics on fibroblast cells by using fractional
calculus approaches. Fractional derivative is a natural extension of classical derivative to study
differential equations with a memory-dependent derivative [25-30]. Fractional derivative provides
great freedom for the choice of order of derivative and thus illustrates the reality of complex
phenomena in a more understanding and expressive way [31-37]. In this attempt, we use the
Caputo-Fabrizio derivative due to its non-singular exponential kernel.

The structure of the paper is as follows: In Section 2, we introduce some mathematical prelimi-
naries. In Section 3, we developed the Caputo-Fabrizio advection reaction-diffusion model for
calcium dynamics in fibroblast cells. In Section 4, we present numerical simulations for various
physiological conditions of the calcium model. Finally, the conclusion is provided in section 5.

2 Mathematical preliminaries

In this section, some preliminaries are provided about the Caputo-Fabrizio fractional derivative
with a nonsingular kernel. According to [26], the formal definition of Caputo-Fabrizio fractional
derivatives is defined as follows:

Definition 1 Let f € H'(x,y), withy > x, then the Caputo-Fabrizio derivative of function f(t) of order
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a € [0,1] is defined as

D) = T [ £ exp [-af = |, )

11—«

M(a) Jt

where M(w) is a normalization function and satisfies M(0) = M(1) = 1.
If f ¢ H'(x,y), then the derivative of function f(t) is defined as

CFDE£(t) = | @

Remark 1 If g = =% € [0,00),a = ﬁ, then the equation (2) can be modified as

Fppf(r) = N th’(t) exp | 5| )

where N(0) = N(oo) = 1. Moreover,

Lo (5) s

According to [38], the Caputo-Fabrizio integral is defined as follows:

Definition 2 The Caputo-Fabrizio integral of function f(t) of order « € [0,1] and t > 0 is defined as

t

0 = G i+ a1 ®
0
Further simplification gives us as
2(1—a) 2u

G-oM@) T 2—OM@ (6)

3 Mathematical model and solution

The mathematical model includes diffusion of calcium and buffer in calcium signaling phenomena.
The process occurs inside the plasma membrane of the cells. The calcium kinetics in fibroblast
cells is governed by a set of advection reaction-diffusion equations in the form of a bimolecular
reaction between Ca%™ and buffer [3, 39, 40].

[ca?*] + [B] k@ (CaB]. @)
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The remaining reaction-diffusion equations can be derived using Fickian diffusion as [39, 40]

9 [Ca®'] 2 [ 2+
T—DCV |:Ca }‘i‘ng, (8)
0B
% = Dg- V2 [B] + Ry, )
I [ng | _ Doy V2 [CaB] — Ry, (10)
where Ry = —k* [B] [Ca*"] + k~ [CaB], known as the reaction term and Dy is the diffusion

coefficient for the respective entity. Although, the buffer do not capable to diffuse with other entity
is considered a stationary buffer and mathematically described by setting Dg = Dcp = 0. Now,
including equations (7-10) the mathematical model is become as

ou Pu  ou
E—Dcw—va—k [B]oo (u_uoo)r (11)

where u = [Ca?*].

The apposite biophysical initial condition is defined as
u(x,0) = U, x > 0, (12)

and the boundary conditions are

ou

u(0,t) =ug, t>0, P

=0, x =00, t>0. (13)
For simplicity, we replaced u — oo = u and k™ - [Blooc = f then the mathematical model is
rearranged as

Ju 9%u Ju
a = DCW — 'Ug —fl/l. (14)

The apposite biophysical initial and boundary conditions are modified as

u(x,0)=0,x >0,

1
u(0,t) = thoo —ug, t>0, g—z:O, x — o0, t>0. (15)

The non-dimensional calcium model is formulated by introducing the dimensionless variables

X =x L, t* = ft, u*:i,k: Y

Dc Uo VfDc
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Hence, equation (14) turns out to be the following equation as

ou  %u ou

and the corresponding conditions are

u(x,0)=0, x>0, a7
u(0,t) = uoo —ug, t>0, g—;‘zo, x — o0, t>0.
Next, we defined a new solute concentration u(x,t) = exp <l%> v(x,t) and it is easy to verify that

7(x, t) satisfies the following non-dimensional calcium problem.

oy 9%y k2

For simplicity, we replaced (% + 1) = (;"2. Finally, the calcium model is formulated as follows

Iy _ Py

D A7
3 T2 S (19)

and the corresponding conditions are

7(x,0) =0, x>0, (20)
7(0,t) =ug— oo, t >0, y(x,t) =0, x =00, t>0.

Now we convert the calcium model into the Caputo-Fabrizio sense to improve the accuracy and

introduce a memory and hereditary behavior of cells. Thus the Caputo-Fabrizio calcium model

for fibroblast cells is represented as follows:

D) = 53— . 1)
Applying the Laplace transform on equation (21), we obtain the following transformed problem as

s7(r8) —7(x,0) _ 9(%s) s @)

(1—a)s+a dx2

where ¥(x, s) is the Laplace transformation of y(x, f).

Next, applying the Fourier sine transform on equation (22), the transformed problem is recast as

&% = —w™y(w,s) + wy(0,5) — ¥y (w,s), (23)

where“y(w, s) is the Fourier sine transform of ¥(x, s). By using equation (20) we obtain as

% = —w*y(w,s) +w(ig — o) — 5 (w,s). @4
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By simple rearrangement give us the following expression

w(uy — o) . am?w(ug — Ueo) 1
2 2 2 22
WM G (w2 w4 g2) s 4 )

y(w,s) = (25)

where m = 1/(1 — «). Next, by inverting the Laplace and Fourier transform of equation (25), we
have

’y(x, t) _ 2(ug—uoe0)d(t) J\ w sin(wx) dw

g w2+ m+¢2
uo Uoo) T am? w sin( va am(w?+E2)t (26)
g (@ +mii2)? P ( w2 +m+2 ) dw.
By using the relation
Twsin(wx)dw _ T bx @7
w? + b2 2
0
Equation (26) turns out to be
V() = (10— 1oo)8(1) exp (—xy/m +2)
2 (28)

2(up—1tloo ) T am w sin(wx) am(w?+&)t
T g (w24m+2)° P ( w?+m+¢? ) dw.

Then by transforming equation (28) to the original coordinate system, we get the calcium concen-
tration in fibroblast cells at any instant as

u(x,t) = (ug — Uoo)o(t) exp( x\/m_’_ kx)

2(ug—too) kx T am?w sin(wx) _am(w+E)t
TR e ( 2 ) g (wirmrg2) OF ( w2+ m-+¢? )dw'

(29)

Limiting case of the model (Caputo-Fabrizio order a — 1)

The classical solution of the calcium model is obtained here as a special case or limiting case of the
Caputo-Fabrizio calcium model by approaching & — 1.

When &« — 1 we have,

o0
1 uo Uoo)  am?wsin(wx) _am(w+E)t
(%) = il_)n} ‘g (w2 4m+g2)? 2 &P < w?+m+¢> ) dw

_ 2o —too) T g wsin(wx) exp (—(w? + &2)t) dw

(30)

T
Then by using equation (30), equation (29) rearrange as follows

(uo — o) x?

_ X 2, X"
’Y(xlt)_ 2\/E t\/zexp( gt 4t) (31)
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and again by transforming equation (31) to the original coordinate system, we get the calcium
concentration in fibroblast cells for the classical case as

(g — Uoo)

X 2
NG t—ﬂexp <—§ —

2
u(x,t) = % + I%) . (32)

4 Numerical results and discussion

In this section, we portrayed the spatial and temporal calcium concentration in fibroblast cells for
various amounts of buffer, diffusion coefficient, advection flux, and Caputo-Fabrizio derivative.

The numerical values of a bio-physiological parameter used to simulate the result are provided in
Table 1.

Table 1. Values of bio-physiological parameters [3, 5, 40]

Symbol Parameter Value
Dc Diffusion coefficient 260-400 um? /s
[Bm] Buffer concentration = 60-200 yuM
kt (EGTA) Buffer association rate  1.6-30 uM~'s~!
k* (BAPTA) Buffer association rate  600-900 M~ 1s~!
[Ca?too Background Ca?* concentration 0.1 uM
v Advection flux  0-30 um/s
3 \
a=0.8
| a=0.9
2.5/ a=1 |

Calcium concentration
(6)]
\

O Il Il Il Il Il Il Il Il
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Time

Figure 1. Calcium concentration against time for various orders of Caputo-Fabrizio derivative

Figure 1 shows the calcium concentration in a fibroblast cell against time for diffusion coefficient
290 um? /s, advection flux 10 um /s, and EGTA buffer 1.6 uM. The highest concentration is ob-
served near the source then it decreases to reach its equilibrium conditions. This happened near
the source as free calcium reacted with the buffer and made a calcium-bound buffer. As a result,
the sharp fall is observed after 0.5 seconds and it shows the notable role of a buffer up to 0.5
seconds. Also, the kernel of the Caputo-Fabrizio derivative plays a significant role due to the
exponential kernel law and forces the calcium profile to early achieved stable conditions.
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Figure 2. Calcium concentration against distance for various orders of Caputo-Fabrizio derivative

Figure 2 shows the calcium concentration in a fibroblast cell against distance for diffusion coeffi-
cient 290 um? /s, advection flux 10 um/s, and EGTA buffer 1.6 M. The highest concentration is
observed near the source then subtle rises due to the entry of buffer affinity and then decreases
gradually to reach its equilibrium conditions. The sharp fall is observed after 20 ym, and it shows
the notable role of buffer in the initial stage of cellular activities. As Caputo-Fabrizio derivative
moves to integer order, the calcium concentration is increasing then finally achieved stable con-
ditions. Figures 1 and 2 show the significant role of the Caputo-Fabrizio derivative due to the
exponential kernel law and hence Figures 3-10 are produced only for Caputo-Fabrizio fractional
order a« = 0.9.

4.5 T T T T T T T T T

EGTA=9.6 uM
EGTA=1.6 uM| -

Calcium concentration
= N
- [6)] nN (6)]

I
o

0 0.5 1 15 2 2.5 3 3.5 4 45 5
Time

Figure 3. Calcium concentration against time for various amounts of EGTA buffer
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Figure 4. Calcium concentration against distance for various amounts of EGTA buffer

Figures 3 and 4 show the calcium concentration in a fibroblast cell against time and space respec-
tively. The bio-physiological parameters used to simulate the result are the same as listed above.
Here, we examine the effect of EGTA buffer over time and space. From the figures, we confirmed
that as the value of buffer increases calcium concentration initiates to decrease due to the free
buffer binds with free calcium.

003 T T T T T T T

T T

BAPTA=650 uM
BAPTA=600 M

0.025

0.02 |

0.015

0.01}

Calcium concentration

0.005

0 1 1 1 1 1 1 1
2.5 3

Time

Figure 5. Calcium concentration against time for various amounts of BAPTA buffer
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Figure 6. Calcium concentration against distance for various amounts of BAPTA buffer

Figures 5 and 6 show the calcium concentration in a fibroblast cell against time and space respec-
tively. Here, we examine the effect of BAPTA buffer over time and space. From the figures, we
confirmed that as the value of the buffer increases calcium concentration decrease. Also, it is
observed that calcium concentration is dramatically reduced as compared to EGTA buffer due to
the association rate of BAPTA bulffer.

3 T T T T T T T T T
D=290 pm°/s
D=260 um?/s

Calcium concentration

O 1 1 1 1 1 1 1 1 1
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5

Time

Figure 7. Calcium concentration against time for various diffusion coefficient
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Figure 8. Calcium concentration against distance for various diffusion coefficient

Figures 7 and 8 show the calcium concentration in a fibroblast cell against time and space for
various diffusion coefficients. From the figures, we confirmed that as the value of diffusion
coefficients increases calcium concentration decreases and hence it plays a dual role in the absence
of buffer and contributes to managing cellular activities.

25

1.5

Calcium concentration
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Figure 9. Calcium concentration against time for presence and absence of advection flux
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Figure 10. Calcium concentration against distance for presence and absence of advection flux

Figures 9 and 10 show the calcium concentration in a fibroblast cell against time and space for
the presence and absence of advection flux. From the figures, we confirmed that the presence of
flux significantly rise the calcium concentration and is thus involved in cellular activities such as
secretion, cell integrity, and so on.

5 Conclusion

We analyzed the effect of disturbances in intracellular calcium dynamic on fibroblast cells with
the Caputo-Fabrizio advection reaction-diffusion equation. The analytical solution is derived
by use of Laplace and Fourier transform techniques. Also, the limiting case of the model is
obtained by setting the Caputo-Fabrizio fractional operator to unity. Numerical simulation is
presented for various physiological conditions to study calcium diffusion in a fibroblast cell. This
approach provides us with a comparably good approximation of the complex geometry of the
cell including various biophysical parameters like buffer, diffusion coefficient, and advection
flux. The results imply that buffer concentration, the binding affinity of EGTA and BAPTA,
the presence and absence of advection flux, and the Caputo-Fabrizio fractional operator has a
significant effect on calcium concentration in fibroblast cells. Moreover, the results shown here are
in agreement with the physiological facts and hence they play an important role in generating
specific calcium concentration patterns necessary for activation, continuation, and termination of
fibroblast during wound healing, fibrotic diseases, and cardiovascular disease. Recently, there are
many new fractional derivatives introduced such as the generalized fractional derivative known
as the Abu-Shady-Kaabar fractional derivative. This fractional derivative can work and obtain
the same results as other well-known fractional derivatives in a very simple way. Therefore, it
is a good direction for future research works to study the present problem in the sense of the
Abu-Shady Kaabar fractional derivative.
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Abstract

The a-cells are a part of islets of Langerhans located in the pancreas and are responsible for glucagon
secretion. Calcium signaling is crucial for the regulation of the functions and structure of these a-cells
and the same is still not well understood. Here a mathematical model is framed to obtain more insights
into calcium signaling in a-cells. The non-linear reaction-diffusion equation for calcium signaling
along with boundary conditions is employed to propose the model for a one-dimensional steady-state
case. The numerical solutions were obtained using the Newton-Raphson method and the cubic spline
method. The combination of Newton-Raphson and cubic spline has proved to be quite effective in
numerical simulations and in generating deeper insights into calcium regulation in an a-cell under
various conditions. The results provide information about changes in source influx, buffers, ER leak,
and SERCA pump leading to disturbances in calcium homeostasis, which can be responsible for the
development of diabetes and other metabolic disorders.

Keywords: Cubic spline method; Newton-Raphson method; calcium distribution; ER leak; SERCA
AMS 2020 Classification: 92B05; 92C37; 65D07; 34A45

1 Introduction

In order to maintain normal physiology and metabolism, calcium homeostasis mechanisms
regulate ionized plasma calcium (Ca?*) concentration in the human body within a specific range.
The cytosolic calcium is kept at a very low-level [1]. The cytosolic calcium level can rise by releasing
calcium from intracellular reserves and bringing calcium in from external sources. The calcium
level within the a-cell regulates biophysical processes like the formation and secretion of glucagon
hormone [2]. The free calcium level inside the a-cell is maintained at 0.1 yM under resting
conditions. The a-cells have pyramidal shape and size about 8 ym in diameter and they appear in
groups [3]. Due to the electrically excitable nature, the a-cells continuously generate overshooting
action potentials when the release of glucagon is induced at a low concentration of glucose.
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Voltage-gated Na* and Ca?* channels are crucial for the upstroke of action potentials. Voltage-
gated Ca?" channels (VGCCs) are opened by the discharge of high-voltage action potentials
allowing extracellular calcium to enter the cytosol. As a result, the number of intracellular
calcium rises, which triggers the glucagon granule exocytosis process thereby leading to the
fusion of hormone-containing granules with cell membranes and the secretion of the hormones
contained inside. Glucagon secretion is inhibited as blood glucose levels rise. This is most likely
accomplished via a decrease in the activity of P/Q-type calcium channel of a-cells and by SERCA
pump, which stimulates Ca®*-sequestration into the ER [4]. In stable conditions, the glucose level
lies between 70 to 180 mg/dl, i.e., normoglycemia. If it falls below 70 mg/dl, the body experiences
hypoglycemia. The pancreatic a-cells then secrete glucagon, which causes the liver to release
glucose back into the bloodstream, stabilizing its concentration. Contrarily, hyperglycemia occurs
when blood sugar levels rise above 180 mg/dl. The pancreatic B-cells then secrete insulin, which
causes fatty tissue to absorb glucose to bring the blood sugar level back to normal [5]. A lot of
similar secretory machinery has been found in g and a-cells [6]. Disruptions in these mechanisms
are the key factor in the growth of diabetes, which is commonly divided into two categories:
Type-1 diabetes and Type-2 diabetes [5].

Many researchers and scientists have developed a variety of mathematical models for studying
calcium signaling in different cells like myocytes [7-11], neurons [12-26], astrocytes [27-31],
hepatocytes [32-34], fibroblasts [35-38], lymphocytes [39, 40], oocytes [41-48], acinar cells [49-51],
dendritic spines [52], etc. In order to understand the kinetics of calcium signaling in endothelial
cells, Wiesner et al. [53] constructed a model which gives a mathematical explanation of how
calcium affects the ability of the endothelial cell to transmit signals. A mathematical model was
created by Handy [27] to investigate the effects of calcium pumps, channels, ER leak, SERCA,
and other elements on calcium dynamics in astrocytes. They proposed that modifications to this
parameter’s ratio had a direct impact on the cytosolic calcium levels in astrocyte cells. The calcium
dynamics in a neuron have been examined by Futagi and Kitano [54]. They computationally
analyzed the effect of the ryanodine receptor and how it can cause the fluctuation in the calcium
profile. Proposing a finite element model, Tewari and Pardasani [19-23] demonstrated calcium
distribution in neurons. They considered a number of buffers, including EGTA, BAPTA, Troponin,
and Calmodulin for their study. A mathematical model has been created by Jha et al. [28-31] to
investigate the calcium advection and diffusion phenomenon in astrocytes. This model includes
an advection-diffusion equation, suitable boundary conditions, and physiological factors like
diffusion coefficient, buffers and VGCC. To acquire the numerical results, they used the finite
element method. Naik and Pardasani [41-46] used the same technique to investigate the calcium
distribution in oocyte cells while buffer, VGCC, and receptor were present. Due to these variables,
they saw a considerable variation in calcium profiles. Pathak and Adlakha [7-9] investigated the
finite element model in order to confirm the physiological mechanism of calcium homeostasis in
myocytes by considering factors such as a leak, pump and excess buffer. They discovered that
while leaks help to increase calcium concentration, buffers are important to lower it. In recent
years, some advancements have also been made by researchers in the field of computational
modeling. Joshi and Jha [55, 56] considered the fractional reaction-diffusion equation to study
the physiological phenomenon in depth in neurons. Additionally, they expanded their model to
a two-dimensional study and correlated the findings with the physiology of neurodegenerative
disorders [57, 58].

Nowadays, it is commonly acknowledged that insufficient pancreatic hormone secretion is the
major cause of the emergence of diabetes [59]. Impaired insulin profile has been the main topic
of study these days. Several computational and theoretical studies have been devoted to the
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exocytosis and electrical behavior of B-cell [60, 61], but there is relatively little information available
regarding the modeling of the calcium signaling in pancreatic a-cell. Diderichsen and Gopel [62]
established a mathematical model of electrical activity based on the ion channel properties of
a-cells found on the surface of healthy mouse islets in 2006. Additionally, their model was revised
by Watts and Sherman [6] in 2014 to include calcium dynamics and secretion. Similar findings of
secretion, calcium dynamics and electrical activity were described theoretically by Fridlyand and
Philipson [63] in 2012. Exocytosis and secretion were mostly analyzed [6, 62, 63] as an impact of
electrical activity, although the primary goal was on the modulation of a-cell electrical activity. A
mathematical model was constructed by Montefusco and Pedersen [64] to test the x-cells electrical
activity modulations that result in glucose administration. They describe the intracellular calcium
profile with a focus on simulating calcium concentrations in the microdomains implicated in the
release of glucagon. Briant et al. [4] investigated the mechanisms behind metabolic regulation
of glucagon secretion of a-cells with the help of a mathematical model. They also examined
the paracrine and intrinsic mechanisms of a-cells. Brereton et al. [65] in their work concluded
that inter-islet communication is restored by both islet architecture and cellular functions. It
is also responsible for glucose homeostasis in diabetes. Gonzélez-Vélez et al. [2] investigated
the importance of calcium and glucose maintaining the secretion of glucagon hormone through
a-cells. They also established that the secretion of glucagon is potentiated by calcium variation
in comparison to a constant level of intracellular calcium. The model emphasized the exocytosis
of a-cell and gave the tools helping in the study of modulators involved in glucagon secretion.
Moede et al. [66], in their research work, gave the relationship of « and B-cells. Their main focus
was the hormones secreted by a-cells, such as acetylcholine and glucagon. The inter-relationship
of a and B-cells is affected by different architectures of the islet in various species.

From the literature survey, it can be observed that glucagon secretion is responsible for maintaining
the glucose level and it depends on the calcium signaling of the cells. Most of the studies found in
the literature are based on either the electrical activity of the a-cells [6, 62, 63] or they describe the
metabolic regulation of glucagon secretion theoretically [2, 4]. On the other hand, several attempts
have been made to solve the linear form of the reaction-diffusion model for the other cells using
different mathematical techniques like FEM and FVM [23, 31, 32, 46]. It has been noted that no
attempts have been made to analyze the non-linear calcium distribution involving SERCA pump
and ER leak in an a-cell. Furthermore, little is known about how numerous factors including
diffusion, influx, the SERCA pump and ER leak affect calcium signaling in a-cells. The previous
studies on calcium signaling in various cells with the help of the finite element method used linear
interpolation functions which required a large number of elements to achieve the desired accuracy.
In the present paper, the above-mentioned issues are addressed by developing a mathematical
model of calcium signaling in an a-cell. The non-linear reaction-diffusion equation along with
boundary conditions is employed to construct a model in the form of a boundary value problem.
The numerical results are calculated by using the combination of the cubic spline method and
the Newton-Raphson method. The cubic spline method is employed to obtain an approximation
of the field variable in the cell domain. The Newton-Raphson approach has been implemented
to effectively obtain the numerical solution of the non-linear equations. The way the study is
performed is as follows: the steady state distribution of calcium in an a-cell is modeled by a
non-linear reaction-diffusion equation in Section 2. In Section 3, the calcium profile for various
physiological parameters is discussed. Section 4 completes our discussion with conclusions.
Finally, in Section 5, the algorithms of the cubic spline method and Newton-Raphson method are
given.
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2 Construction of the mathematical model

The proposed model incorporates two mechanisms of calcium influx due to an ER leak and
outflow caused by the SERCA pump. We begin by assuming a single well-mixed pool (like the
cytoplasm of the a-cell) where a bimolecular association interaction of calcium and buffer takes
place. The calcium-buffer binding and unbinding equation is given by [67, 68]:

k+
Ca®T +B = CaB, 1)

where Ca?t, B and CaB denote the free calcium, free buffer and calcium-bound buffer respectively.
The terms kT and k~ are the rate constants for association and dissociation, respectively.

The required equation for analyzing the calcium regulation in an a-cell is given as follows [61, 64,
67, 68]:

d[Ca?*]
ot

= D¢, V2 [Ca*"] — kf [Biloo ([Ca*T] = [Ca*T)oo) + Jieak — JSERCAS ()

where D, is the diffusion coefficients of free Ca®t and Jj,,x and Jsgrca represent the ER leak and
SERCA pump flux, respectively and given as follow:

Jieak = Per([Ca**]gr — [Ca®1]), @)
where Pgr leak permeability out of the ER and [Ca?*|gg is the free calcium concentration in ER.

[Ca2+]2
+[CaZ 2’

(4)

_ max
Jserca = Psgrea 2
pump

where P¢fz -4 and kpymp are the maximum pumping rate and half maximum pump activity of
SERCA pump, respectively [64, 69].

For one-dimensional steady-state case in cartesian coordinates, the equation (2) is given by:

aZ[Ca2+] _k+[B]oo<[Ca2+]_[Ca2+]oo)+@([Caz—&-]ER_[Ca}i-])_P?I:%CA [Ca2+]z -0

dx2 Dc, Dc, Dc, k2 Ca2t]2
®)

pump + [
The source term of the calcium is assumed at the point x=0 um, thus the flux boundary is given as
follows [68]:

lim (—Dcaa[ca—c;zﬂ> = 0Cg- (6)

x—0

The other end boundary is assumed at the resting state i.e., the background calcium concentration
is assumed at that point and expressed as follows:

lim [Ca®T] = 0.1uM. 7)

X—00
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Re-writing equation (5), we get:

aZy ]/2

=5 —Ay—B—+——=+C=0, 8
y Y (8)

where

k*[Boo[Ca?t) oo + Per[Ca®t]ER
DCa ’

C =

and y denotes the [Ca?"]. In past studies, various research workers have used the finite element
method with linear interpolation functions. The linear interpolation functions give linear ap-
proximation within each subdomain/interval giving a polygonal curve for the field variable as
an approximation to a real/smooth curve within the whole domain/cell. Therefore to achieve
good approximation the smaller step size is taken to discretize the domain in a larger number of
elements/intervals to make a polygonal curve very close to the smooth curve of the field variable
in the domain/cell to achieve good accuracy. Here the cell size is very small i.e. few microns.
Further, the cubic splines are superior to linear interpolation as it satisfies higher-order continuity
conditions to give smooth curves and its order of approximation is higher than the order of
approximation of linear interpolation functions. Thus, we have two options to achieve good
approximation: (i) Use linear interpolation functions and take a smaller step size to divide the
domain into a larger number of intervals/elements or (ii) Use higher order interpolation functions
like cubic splines and divide the domain in a smaller number of intervals/elements. The first
option requires a larger number of elements which in the case of the nonlinear system becomes
very complicated and requires large computational efforts. The second option of using cubic
splines requires a smaller number of elements leading to a smaller number of nonlinear equations
thereby reducing complications and requiring less computational effort but more mathematical
manipulations. Here we use the second option and discretize the cell into eight equal elements to
obtain better results by solving a more realistic model. The cubic spline method [70, 71] has been
applied to solve the model given by equation (8) and the boundary conditions equation (6) and
(7). Thus, equations for the internal nodes are given as follows:

h 2h h Y1 —2yjtyjia

ENj_l + ?N] + gNj+1 = I , )
where
y?
N;=Ay;+ B—7— —C, (10)
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wherej=1,2,3,---,7and h = Xj—Xj1.
Substituting the value of equation (10) in equation (9) and after rearranging, we get:

Ah 1 Ah 1 Ah 1
o )Vt 25 it ) vin

2 2 2 (11)
Bh Yi- Yi Yi
T 2 ]12 tis : 7 T2 ]Hz —Ch=0,
6 kpump + ]/]'_1 kpump + y] kpump + yj+1

wherej=1,2,3,---,7.
Condition for the right boundary is obtained by using equation (7):

ys — 0.1 = 0. (12)

Applying the cubic spline method on equation (6), the condition for the left boundary is given as
follows:

h h Yit1—Yj  oca
3 1 3 00,
No =43 (y1—yo) SN+ D, (14)

Combining equations (11), (12) and (14), a non-linear system of 9 equations has been obtained. A
MATLAB program of the Newton-Raphson method for the nonlinear system has been developed
to solve the obtained system. In Table 1, biophysical parameters and corresponding numerical
data are presented.

Table 1. Biophysical parameters and numerical data [64, 68, 69]

Notation Name of the parameter Numerical value
D¢, Diffusion Coefficient 250 um? /sec

K+ Association rate of EGTA 1.5 uM/sec

Boo EGTA 5uM

Prr Calcium leak permeability of ER  0.0001 /sec
PiERca Maximum pumping rate of SERCA  0.105 uM/sec
kpump Half-maximum pumping rate of SERCA 0.5 uM

[Ca’too Cytosolic calcium at rest 0.1 yuM

[Ca®*Er Calcium concentration in ER  22.8 uM

0Ca Source influx 15 pA

3 Results and discussion

The data of the parameters listed in Table 1 were used to compute numerical solutions. The
profiles for calcium concentration with respect to space for different conditions have been plotted.
Figure 1 depicts the cytosolic calcium of the a-cell with respect to space. It can be observed from
the figure that concentration is initially high near the source influx and then gradually drops as
we move away from the source. However, at the other end, it attains its equilibrium value which
is 0.1 uM. Active pumps and buffers within the a-cell were the cause of the change in calcium
concentration with regard to space.



46 |

(LIL/')

Calcium concentration (uM)

Calcium concentration

Bulletin of Biomathematics, 2023, Vol. 1, No. 1, 40-57

Calcium variation with respect to space
T T T

0.6

0.2

| | | | | | |
0
0 1 2 3 4 5 6 7 8
Distance (um)

Figure 1. Calcium concentration for standard values of parameters given in Table 1
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Figure 2. Calcium concentration for different values of diffusion coefficients
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The spatial variation in calcium concentration as the diffusion coefficient values change from 150
to 200 and 200 to 250 um? /sec is shown in Figure 2. The diffusion coefficient is defined as the
amount of diffusing substance moved per unit area per unit of time from one portion of the cell
to another. This indicates that calcium ions will flow quickly from the apical to the basal portion
of the cell for a larger value of D¢,. For D¢, = 250 um? /sec, less free calcium accumulates in
the space as more calcium is carried through the cell. Therefore, the concentration of calcium
decreases as the magnitude of the diffusion coefficient increases. The amount of free calcium is
clearly inversely proportional to the diffusion coefficient, as seen in the graph.

6 Calcium variation with respect to space
: T T T

0ca=1PA
———oga=15pA
14— ———0,=30 pA|H
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Figure 3. Calcium concentration for different values of source influx

The spatial change in calcium concentration when the value of source amplitude ¢, is 1, 15 and
30 pA respectively is shown in Figure 3. The unit of characteristic amplitude current passing
through a channel is pico amperes (pA). The open channel permits ions to pass and is measured
as current. As the source amplitude’s value increases, more calcium is released into the cytosol.
Thus it leads to an increase in the concentration of free calcium. It can be seen from Figure 3
that the concentration of calcium is 1.1, 1.3 and 1.5 yM respectively for 1, 15 and 30 pA source
amplitude at the mouth of a point source and thereafter it decreases uniformly up to 0.1 yM. The
appropriate experimental results are still not available for comparison, but however, the outcomes
of the suggested model are consistent with biological facts.

Figure 4 represents the spatial change in calcium profile for various EGTA buffer quantities. It
can be noticed that different quantities of buffers have different effects on the calcium profile.
The maximum calcium concentration occurs for EGTA = 10 pM and the minimum calcium
concentration occurs for EGTA =50 pM. In all three EGTA buffers above with different quantities,
the concentration of calcium decreases with an increase in the concentration of cytosolic buffer
inside the a-cell.

Figure 5 demonstrates the effect of different pumping rates on the calcium concentration inside
the a-cell. The graph shows three different pumping rates. When the pumping rate Pz~ 4 is 0.1
1M/ sec, the cytosolic calcium is higher and the concentration begins to decline as the pumping
rate increases. Calcium concentration also decreases with an increase in the distance of the cell
from the source.
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Figure 6. Calcium concentration for different values of ER leak

Figure 6 demonstrates the effect of different leak rates (Pgr). Here with an increase in the distance
from the source of the cell, the calcium concentration inside the cell decreases. The gaps observed
among the curves in the figure indicate that leak helps in raising the cytosolic calcium with the
increase in leak rate. The figure also shows how altering the leak rates causes variations in calcium
concentration.

4 Conclusion

A one-dimensional steady-state model for calcium distribution has been proposed and effectively
used to examine the roles of different factors like EGTA buffers, source influx, leak, pump, etc.
on the cytosolic calcium concentration of the a-cell. The combination of the cubic spline and
Newton-Raphson method has proved to be effective for solving non-linear reaction-diffusion and
performing numerical simulations to obtain valuable results. The following conclusions have been
drawn:

i. The buffers and pumps are crucial in lowering calcium levels in an a-cell.
ii. The source influx and leak are crucial in raising the calcium concentration in an a-cell.

iii. The cell has a beautiful mechanism for balancing this calcium concentration by elevating and
reducing mechanisms to regulate the calcium concentration at appropriate levels necessary for
normal cell survival.

iv. The proposed model is the first non-linear spatial model for studying relationships among

the parameters like buffers, SERCA pump, ER leak and source influx involved in the calcium
homeostasis of an a-cell.
v. Combination of cubic spline and Newton-Raphson method is superior as compared to the
other methods like finite element method with linear shape functions, as the proposed approach
required less number of elements and less amount of computational effort for solving non-linear
reaction-diffusion model as compared to the finite element method with linear shape functions
and Gauss elimination method used by most of the earlier research workers for solving linear
reaction-diffusion model of calcium homeostasis in various other cells.

The proposed model gives better insight into the role of various parameters in regulating calcium
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concentration in an a-cell. This information is crucial in controlling the disorders and diseases
caused by the dysfunction of a-cell like diabetes, etc. The model can be applied in the study
of diabetes, as it gives information about the factors involved in calcium regulation of a-cell.
Calcium directly regulates glucagon secretion through a-cells. So, with the help of the model, it is
possible to observe the factors responsible for the disruption of glucagon secretion, which is one
of the main factors in regulating the blood glucose level and responsible for the development of
diabetes and many other metabolic disorders. The information about the relationships among
the various parameters involved in the regulation of calcium level in the a-cell obtained from the
proposed model can be useful for developing a framework for the diagnosis and treatment of
various disorders like diabetes, etc. The proposed model and approach can also be extended for
its applications in various other cells like neurons, astrocytes, myocytes, oocytes, and S-cells for
calcium homeostasis and their respective disorders.

5 Appendix

Cubic spline method

The essential idea for using the cubic spline method is to fit a piecewise function with the help of
cubic polynomials:

q1(x),  x € [x1, %]
g2(x),  x € [x1,x3]

Q(x) = : , (15)
qﬂ—l(x)l X € [xn—lrxn]

q ]’ s denotes the cubic polynomial and is defined as follows:
q9i(x) = aj(x; — x)3 + bi(xj— x)? + cj(xj—x) +dj, (16)

forj=1,2,3,--- ,n—1.
As it is expected that the curve Q(x) must be continuous across its full interval, it follows that
each sub-function must connect at the data points,

q9i(xj) = qj-1(x;), (17)

forj=2,3,---,n.
The derivatives at the data points must also be equal in order for the curve to be smooth over the
interval; so,

q;(xj) = ;-1 (x)), (18)

forj=2,3,---,n.
Lastly, since g ]{’ (x) has to be continuous across the interval,

qi'(7) = a;.4(x)),

forj=1,2,3,--- ,n—1.
After simplifying the above equations (15), (16), (17) and (18), the cubic spline Q(x) interpolating
to the function y(x) at the knots Xj = X+ jhforj =1,2,3,--- ,n—11is given in the interval
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Xji1 <x <X by the equation,

x'—x3 X—Xi_ 3 Xi—X X —Xi_
0 = N T ]1>+(yj1_Ele)<] >+<yj_h_2Nj>w,

6h I 6h 6 h 6 h
(19)
where N; = Q" (x;) and y; = y(x;).
h h Yiv1 — Y
Q'(xf) = —zNj— gNp1 + 7, (20)
forj=0,1,2,3,--- ,n—1.
_h h Yi—Yj
Q'(x]. ) = §Nf + EN]'_1 + 7 (21)
forj=1,2,3,--- ,n. The continuity of the first derivative implies,
h 2h h Yit1 —2Yj +Yj
g Vi1 + ?Nj + EN]'_H = h] —, (22)
wherej=1,2,3,--- ,n—1land h = Xj—Xj_q.
Newton-Raphson method
Consider a non-linear system of equations,
,x2) =0,
fi(x1,x2) 23)

fz(xl,XQ) =0.

Let x(0) = (xgo) , xéo)) be the initial guess to estimate the solution and f be differentiable at x(0).
The equation to the tangent plane to the function y; = f;(x1,x2) at x(0) fori = 1,2 is,

= i) = S )= ) + S ()] e~ 1), el

) (0)

The above expression can be written in terms of the Jacobian matrix ](xgo , Xy ) as follows:

[y1—f1(x(0))] _ [%[fl(x(o))] aixz[fl(x(o))]] [(xl_xgo))] (25)
yz—fz(x(o)) ( ) |-

X2 — X,
If the given system is expressed as a vector V = F(x), then from equation (25);

AF ~ J(x\Y, ) Ax. (26)

Suppose that (p1, p2) be the solution of equation (23); that is,

(27)
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To solve the equation (23) using Newton’s approach, we must take into account a little change in

0) (),

the function near the coordinates (p; ", p,

Ayr =1 — fi(x), Axy = (x1 — p§°>), 28)
Ayr =2 — fo(x(0), Axy = (x,— pi¥)).

Set (xgo), xéo)) = (p1, p2) in equation (23) and use equation (27) to see that (y1,y2) = (0,0). Hence
the changes in the dependent variables are:

1 — A(x0) = fi(p,p2) — AP, PP = 0— A (P, p0,

v2 = H(x0) = folp1,p2) = fo P 9y = 0= fo(pl”, p3). “
Use the result of equation (29) in equation (25) to get the linear transformation,
%[fl(Po)] %[fl(PO)]] [AM} ~ [J;l(Po)] ’ (30)
o 2(Po)] 55 [f2(Po)]] [Ax2 2(Po)
where Py = ( Pgo), pgo)). If the Jacobian J(Py) in (30) is nonsingular, we can solve for
AP = [Ax1, M) = [pa, pal — [p\”, pl)
as follows:
AP = J(Po) "' F(Py)- (31)
Then the next approximation P; to the solution P is,
Py = Py+ AP = Py— J(Py) "' F(Py). (32)

For a system of n number of equations, Newton’s method can be written by generalizing the
equation (30).
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Abstract

Controlling an outbreak through response measures is critical to saving lives and protecting vulnerable
populations. This article proposes an epidemic model with three intervention measures: media
coverage, isolation, and medical therapy. Since randomness plays an important role in biology, from
the molecular level to the organismal level, we extend our system to a more realistic framework, which
then takes into account the effect of standard jumps due to some sudden environmental changes. After
providing the associated framework, the sharp criteria for asymptotic extinction and persistence of
illness are derived. To check the accuracy of our results, we perform two numerical examples.
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AMS 2020 Classification: 37A50; 37C10; 92D30

1 Introduction

Mathematical modeling is a robust tool for understanding the attitude of infections and assessing
the influence of various intervention strategies. In the context of biological modeling, "intervention
measures' refer to the implementation of measures to reduce the spread of disease [1]. The most
commonly used interventions include social distancing, wearing masks, contact tracing, isolation
or quarantine, and hospitalization. To simulate the impact of these interventions, one can use a
compartmental model, which divides the population into different compartments based on their
infection status [2]. Also, it is possible to introduce parameters that represent the effectiveness
of these interventions, such as the reduction in transmission due to social distancing or the ef-
fectiveness of a vaccine. By adjusting these parameters, one can simulate the impact of different
intervention strategies on the evolution of the illness [3].
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Media intervention can play a critical role in shaping public perception, awareness, and behavior
during an epidemic. Effective media interventions can help to disseminate accurate information
about the disease, promote healthy behaviors, and counter misinformation and rumors [4]. One
way that media intervention can have an impact is by increasing knowledge and awareness about
the disease. This can be done through the dissemination of accurate and up-to-date information
about the disease, its transmission, symptoms, and prevention [5]. By providing clear and concise
information, media intervention can help to increase public understanding of the disease and the
need for preventive measures. Another way that media intervention can have an impact is by
promoting healthy behaviors. During an epidemic, media intervention can be used to encourage
individuals to adopt protective behaviors such as hand washing, wearing masks, and social
distancing. By promoting these behaviors, media intervention can help to reduce the transmission
of the disease and slow the spread of the epidemic. Media intrusion can also help to counter
misinformation and rumors that may be circulating during an epidemic. Misinformation can
lead to fear, panic, and irrational behavior, which can exacerbate the spread of the disease [6]. By
providing accurate information and dispelling rumors, media intervention can help to reduce fear
and promote rational decision-making.

Isolation is one of the key measures used to control the spread of an epidemic. It involves separat-
ing individuals who are infected with the disease from those who are not infected [7]. Generally,
isolation can take different forms, depending on the severity of the epidemic and the resources
available. In some cases, isolation may involve self-isolation at home for individuals who have
mild symptoms or who have been exposed to the disease. In more severe cases, isolation may
involve hospitalization of individuals who are severely ill or at high risk of complications. Isolation
is effective for controlling the spread of an epidemic for several reasons [8]. First, it can prevent
infected individuals from coming into contact with uninfected individuals, which can reduce
the transmission of the disease. By separating infected individuals from others, isolation can
help to break the chain of transmission and slow the spread of the disease [9]. Second, isolation
can provide medical care and support for individuals who are infected. In some cases, infected
individuals may require hospitalization and medical treatment to manage their symptoms and
prevent complications. Isolation in a hospital setting can ensure that infected individuals receive
the care and treatment they need. Third, isolation can provide time for public health officials to
track and monitor the spread of the disease. By isolating infected individuals and tracing their
contacts, public health officials can identify and isolate additional cases, which can further reduce
the spread of the disease [10].

A hospitalization intervention is a strategy implemented during an epidemic to reduce the number
of hospitalizations due to the illness [11]. This can involve various measures, such as increasing
hospital capacity, improving triage processes to identify and prioritize the most severe cases, and
implementing effective treatments. During an epidemic, hospitalizations can quickly overwhelm
healthcare systems, leading to shortages of beds, equipment, and staff [12]. By implementing
hospitalization interventions, health-care providers can work to ensure that those most in need
receive the care they require, while also preventing the spread of the illness to others. Some
examples of hospitalization interventions that may be used during an epidemic include setting
up temporary field hospitals to increase capacity, using telemedicine to reduce in-person visits
and decrease the risk of transmission, and developing effective treatments and therapies to help
patients recover more quickly and avoid hospitalization altogether [13].

The incubation period of an epidemic is the time period between the initial infection with a
pathogen and the onset of symptoms of the disease [14]. During this period, the infected individ-
ual may be asymptomatic, meaning that they are not yet showing any symptoms of the disease,
but they may still be able to transmit the pathogen to others. The length of the incubation period



60 | Bulletin of Biomathematics, 2023, Vol. 1, No. 1, 58-77

can vary depending on the pathogen and the individual’s immune system [15]. For example,
the incubation period for influenza is typically between 1 — 4 days, while the incubation period
for COVID-19 can range from 2 — 14 days, with an average of 5 — 6 days. Understanding the
incubation period of an epidemic is important for several reasons. First, it can help public health
officials to identify and isolate infected individuals before they become symptomatic, which can
help to prevent the spread of the disease [16]. Second, it can help to determine the length of
time that exposed individuals need to be monitored for symptoms and potential infection. It is
important to note that the incubation period is not the same as the infectious period, which is
the length of time during which an infected individual can transmit the disease to others. The
infectious period can be shorter or longer than the incubation period, depending on the pathogen
and the individual’s immune system [17].

In order to build a mathematical model that takes into consideration the above interventions
and the different types of immunities, we assume that the total population is divided into seven
groups of susceptible, exposed, infectious persons with actual viral symptoms, individuals asymp-
tomatically infected, isolated, individuals under treatment and persons with full cure, with
concentrations expressed respectively by S(t), E(t), C(t), I(t), Q(t), Z(t) and P(t). The epidemio-
logical exchanges between these groups are depicted through the following dynamical system
(denoted by SECIQZP):

ds(t) = (H—(m-l-a)s(t)—S(t)(I(t)-|-gC( ))( —~ bzl ) )

t
dE(t) = (S(t)([(t) +5C(0)) (bl _ pbil%) )
) = ((1=2) BE(H) = (m+ @c +sc + bc) <t>)dt,
dI(t) = (,BDE(t)—(m+w1+51+b1)l(t))dt, @)
) = (aS(t) ~ (m+) Q(t) ) dt,
)= (
)

@I(t) +@cC(t) - (m+s57 +bz) Z(1) ) dt,

= (s2Z(t) +s11() +5cC(t) —mP(t) ) d.

The positive parameters of this model are defined as follows:

e ITis the recruitment rate of the uninfected (but susceptible) persons that corresponds to normal
births and immigration.

e m, hc, by and bz are denoting, in this order, the normal mortality rate of all individuals and the
infection-induced mortality rates affecting only from groups C, I and Z.

e a and ¢ represent the exchange rates between S and Q classes.

e b; is the standard contamination rate before applying media intervention. b, is the extra
reduced contact rate under the application of media intrusion such that b; — b5 is positive. p is
the saturation coefficient.

e 0 < g < 1isthe parameter that ensures the high infectivity of infected individuals.

e B is the transfer rate from E group to I population with the probability 0 < ? < 1 of becoming
infectious and (1 — ) for entering C class.

e ; and @ are respectively the treatment rates I and C people.

e 57, s7and sc are the total cure rates of Z, I and C people.
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To better understand the different transfer rates between classes, we present the diagram shown
in Figure 1.

mCT ThCC m
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Figure 1. Illustrative diagram of SECIQZP epidemic model transfer rates

Fluctuations are a common feature of epidemic outbreaks, where the number of cases or the
transmission rate can vary over time due to various factors such as changes in behavior, public
health interventions, or the emergence of new variants of the pathogen [18]. The magnitude and
frequency of fluctuations in an epidemic outbreak can depend on a variety of factors, including the
mode of transmission, the population demographics, and the effectiveness of control measures. For
example, in an outbreak of a highly infectious disease with a short incubation period, fluctuations
may be more pronounced due to the rapid spread of the pathogen [19]. To account for fluctuations
in epidemic outbreaks, mathematical models are often used to simulate the spread of the disease
over time and evaluate the impact of different control measures. These models can help public
health officials make informed decisions about when to implement or relax interventions to
achieve the optimal balance between controlling the outbreak and minimizing the economic and
social costs of control measures [20].

Random jumps are a type of stochastic process where the magnitude of changes in a variable
occurs randomly over time [21]. In the context of an epidemic situation, random jumps could
refer to sudden and significant increases in the number of cases or spread of the disease that
occur unpredictably [22]. In epidemiology, random jumps have been used to model the spread
of infectious diseases in populations with complex social structures or mobility patterns, where
outbreaks can occur in unpredictable locations or at unpredictable times. Random jumps can
also capture the behavior of disease outbreaks that exhibit sudden bursts of activity due to
super-spreader events or other factors [23].

The novelty of this study is to probe the impact of jumps on the dynamics of system (1). The pivotal
objective of this article is to provide sufficient criteria for asymptotic extinction and persistence.
The global threshold is difficult to derive in this model due to its complexity, but we will do our
best to offer precise conditions and this is the strength of our study. By considering the standard
Lévy jumps associated with the compensated Poisson measure defined on a probabilistic basis
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(Q, F,{Fi}t=0,P), our model takes the following general form:

ds(t) = H—(m+a)5(t)—5(t)<1(t)+gc(t)> (bl_ by (1)

( p+1())+ eQ(t ))dt+dL1(t),
dE(t) = (S(t) (1) +5C(n)) (bl _ ijf;’?t)) ~(m+ ﬁ)E(t)) dt + dLy(t),

dc(t) = ((1 2) BE(t) — (m+coc+5c+UC)C(t))dt+dL3(t),
dI(t) = (505@) — (m+ @ +51+by) I(t))dt +dLy(t), )
dQ(t) = (aS(t) — (m+e) Q(r) )dt +dLs(t),
dz(t) = (coll(t) +@cC(t) — (m+ by +57) Z(t ))dt+dL6<t),
dP(t) = <5ZZ(t) Fs7I(F) + scC(t) —mP(¢) )dt + dLy(8),
where
dLy () = B1S(HdXq (£) + ;Z 1 (2)S(E)Y_(ds, dz),
dLy(t) = BoE(H)dXa (F) + "Z ya(2)E(t_)Y_(ds, dz),
dLa(t) = BsCOXa(1) + |_1a(z)C(E)Y-(ds, ),

dLy() = Bal()dXa(t) + Lm 2)I(t-)Y_(ds, dz),

dL5( ) ‘55Q dX5 +JZ ')’5 (dS dZ)
dLe(t) = BeZ(1)dXe(t +JZ Ye6(2) Z(t_)Y_(ds, dz),

Ly (t) = BaP(H)AX7 (1) + | 7(2)P(E-)X~(ds, ).

In this setting, X, (¢ =1, --,7), are Wiener processes with positive amplitudes gy (i =1,---,7)
respectively. Y_ is the compensated Poisson measure associated with a Lévy measure A defined
on (R7\ {0}, B(R” \{0}).v¢: 2 C R7\ {0} — R are measurable functions and y,(z) > —1.

The organization of the remaining parts is as follows: In Section 2, we present the probabilistic
analysis of a perturbed SECIQZP model (2) by offering the associated hypothetical framework and
giving the condition of said properties. In Section 3, we numerically check our obtained results. In
Section 4, we summarize the main results of our study:.

2 Stochastic analysis of a perturbed SECIQZP model

Hypothetical framework

The first step of this section is to clearly define the hypothetical framework of our analysis. This
includes the specification of the well-posdenes of our perturbed system, the necessary assumptions
and the useful techniques. Regarding the underlying assumption, we assume the following:

(A) The quantities J v2(z)A+(dz) and J
Z

(’yk(z) —In(1+ 'yk(z)))A+ (dz) are finite for all k €
zZ
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{1,...,7}5

Under (A), system (2) is mathematically well-defined and has a unique postive solution [24]. In
other words, it is a model that provides a reliable and accurate representation of the biological
disease being studied. To derive some large-time estimates of the solution, we need to add a
second assumption:

(B) Suppose that for a given s > 2, we have

m—05(s—1) (B} VB3V BV BV BRV B2V ) —sT'i(z) > 0,
where

7 (2)
L) = [ (1 M@V REV ROV RE Y BE V@Y 6 ) -1

- 5(71 (2) A y2(z) Aya(z) Ava(z) Ays(z) Ave(z) Ays(2) )>A+(dZ)~
7« (2)

Lemma 1. Under (B), we have the following properties:

yelt) _
t

(a) lim as. Ye{l,---,7}.

t—o00

(b) lim ljt yi(s)dXy(s) =0 as. Vle{l,---,7}.

t—oo t 0

1 t

(¢) lim —J J Ye(z2)ye(s—)Y_(ds,dz) =0 as. Vle{l,---,7}.
t—oo t 0Jz

The proof of the above lemma is similar to a previously proven result in [25], it is better to omit

the proof in order to avoid redundancy and to streamline the presentation of the argument.

Asymptotic extinction

Asymptotic extinction refers to the extinction of a species or population due to random, unpre-
dictable events that occur in the environment, rather than gradual, predictable changes. These
events may include natural disasters, epidemics, or fluctuations in the availability of resources. It
can be difficult to predict or prevent, as it is often influenced by factors beyond human control.
However, conservation efforts can help mitigate the effects of stochasticity by protecting habitat
and promoting genetic diversity within populations. Theoretically, we can provide sufficient
conditions for disease extinction which are provided in the following theorem.

Theorem 1. Assume that (A) and (B) hold. Then, we have the following inequality:

lim sup % In (E(t) +C(H) +1(1)) <b18* —m— %(5%55 NB}) X =Cte as,

t—oo

I
where S®* = — x _mte and
m a+m-+¢

X= JZ { (ln(l +7%(2)) — 7*(2))11{7*(,2)@} + (ln(l + 74(2)) — 7*(2))]1{7*(2)>0}}A+(dz)_
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More precisely, the asymptotic extinction of a virus occurs when Cte < 0.

Proof By employing the stochastic It6’s formula, we get

dIn (E(t) +C(f) +I(t))

1

:{E(t)+C(t)+I(t) (S(”<I(t)+gc( (bl_bz I1(t)

.  BEWO+BCWO LY
(@c +5c +bc) C(t) — (@1 + 51+ by) ()) 2(E@) 4 C(0) £ 1(1))?

NE@E® + 100 + @10 12E)EW®) +13(2)C) + 1410
*JZ{I“(” E(D) + C(0) + 1D ) E(D) + C(0) + 1D }A*(dz)}‘”
1

JOESIOES0 (B2E() dXa (1) + B3C(1) dXs (1) + Bal(t) dXa(r))

Y2(z)E(t-) + v3(z)C(t-) + ya(z)I(t-)
R BT O T ) Y- tande)

Thanks to the positivity of the solution, we get

+

dIn (E(t) + C(t) + I(1))

< {S(t> (b1 —m%) ~m—05(B3ABRAPE) x

Y2(2)E(t) +93(2)C() +74(2)I(1)\ (Z)E(t)+7 (z)C(t) 4+ va(z)I(t)
+Lz{1“ (“ RO O 10 )‘ : : 3 }A“dz)dt
B2E(1) c()
P Em 110 D B Em e T
Y2(2)E(t-) + v3(2)C(t-) + ya(z)I(t—
+Ll“(” E(t)+C(t) + (1)

By employing Cauchy-Schwartz inequality, we get E2(t) + C?(t) + I?(t) > % <E(t) +C(t) + I(t)).
Furthermore, we can easily check that

Y2(2)E(t) + v3(z)C(t) + va(2)I(¢) Y2(2)E(t) + 13(2)C(t) + ya(2)I(t) )
,LZ {ln <1+ : E(t)—EC(t)+I(t)4 >_ : E > )4 }A+(dz)<—x,

Consequently,
2 A B2 A B2
dIn (E(t) + C(t) + I(t)) < {bls(f) w2 Aﬁ; a _X} I+ Em fzcigl 1) dXs(t)
Pl axa(n+ P _axy ) @)

I(t) E(t) +C(t) + 1(t)
(2)V73(2) V 74(2)) ) Y- (dt d2).
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We integrate (3) from 0 to f, and we divide by ¢ on both sides, we obtain

in (E() +C(0) +1()) o st m (1010
t St 6
:32 t E(S) ﬁ?) t C(S)
T L EG) T 06+ 1(5) 2 _Jo E(s) 1 C(s) + 1(s) 923 )
Ba [* I(s) In (E(0) +C(0) +1(0))
+TL E(s) 1 Cs) 7 1) %) F t 4)

+H0t | (14 (22 V 13(2) V 7a(2)) ) Y- (s ).

t

Now, we need to estimate 7 J S(s)ds. From (2), we remark that
0

t t

0, :nt_(m+a)J0

S(s) ds —J

0

5(5) (1(5) +3C(s) (b1 _ p[’fﬁz)) ds —f-SLZQ(S) ds

t t
+ ﬁlJ S(s) dXj(s) +J J 11(2)S(s-)Y_(ds,dz) + S(0)
0 0Jz

t t

<TTt— (m+a) J S(s) ds + SE Q(s) ds + B JO S(s) dX4 (s)

0

+ L JZ 71(2)S(s_)Y_(ds, dz) + 5(0).

Then

©)

t

1
Again, we need to estimate n J Q(s)ds. From system (2), we have
0

t

Q) =a|

0

S(s) ds — (m + e>j Qds + s L Q(s) dXs(s) + L jz 71(2)Q(s_)Y_(ds, dz) + Q(0),

0

which implies that

t  m4e \t

EJ;Q(s)ds_ 1 (Eﬁs(s)d5+%£@(s>dx5(s)+%J;JZW5(Z)Q<S)Y(ds,dz)+M,
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Combining (5) with (6) yields

1 Jt S(s) ds < n%ra{nw ((mf‘s)t Jt S(s) ds+ (mljfe)tEQ(s) dX5(s)

0

+ m Jo Jz v5(z)Q(s-)Y_(ds,dz) + %)

f t
+ % JOS(S) dXi(s) + % . Jz 71(2)S(s-)Y_(ds, dz) + @}
Thus,
t " t ) |
%JO S(s) ds < E&. :1_—7‘)8) + m( a_i‘an+ o)t J Q(s) dXs(s) 4_% JOS(S) a4 (5)

m(a+m+e) tJOJ s-)Y_(ds,dz)

m+e t
m—l—a—i—stJJ ~)Y_(ds,dz)

£Q(0) n (m+¢)S(0) ;

mm+a+e)f mmta+e)t

From Lemma 1, we obtain

t
hmlj S(S)dsggxm—ﬂzs{ (8)
t—oo £ Jg m at+m+te

An application direct of the strong law of large numbers for local martingales gives

( t
Jim < | |0 (14 (12(2) V 1a(2) V 13(2)) ) Y- (s dz) = 0 as
B E(s) _
i o | Ee e 1 i) e =0 as, .
B AG) ©)
i o ) B+ ci) w1 D) =0 asy
. Baft I(s) _
lim %) B Tem e @ =0 as

Finally and from results (4), (8) and (9), we conclude that

limsup%ln (E(t) +C(t) + I(t)) < byS° —m—%(ﬁ%/\ﬁ%/\ﬁi) —X as.

t—o0

If Cte < 0, then asymptotic extinction will occur fine. |

Remark 1. The positivity of the solution allows us to affirm that tlimE (1) =0, tlimC (t) = 0 and
—00 —00

tlimI (t) = 0 a.s. Here the total extinction of the virus is mentioned.
—00
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Corollary 1. According to the hypothesis and the context of Theorem 1, we get

t t
lim lj S(s)ds =S%as., lim lj Q(s) ds = Q* as.
t—oo £ Jg t Jo

t—o0

Proof From system (2), we obtain

d(S(t) + E(t)) = {n — (m+a)S(t) + eQ(t) — (m + B) E(t)}dt
+ B1S(E) dXy (£) + JZ 1 (2)S(E)Y_(dt, dz)
+aE() dXa(t) + | 72(2DE()Y-(dt, ). (10)

We integrate (10) from O to ¢, and we divide by ¢ on both sides, we get

(st +Em) =11 Mﬂs@) ds + ;J; Q(s) ds — w r E(s) ds

0
S(0) + E(0) 4B J; S(s) dXq(s) + J; Jz 11(2)S(s-)Y_(ds,dz)

2| B axalo) + [ [ @B Y- (ds,02)

0JZ2

+

From the expression (6), we have

%(sm +E(t)) =TI- <‘“f°‘) J;S(s) ds+

€
(e+m)t

t t :
+ﬁ_:J0Q(S) dXs(s) + LJ 75(2)Q(s-)Y—(ds, dz)) — w Jo E(s) ds

n S(0) + E(0) +,31J

t
) dXi(s +J —(ds, dz)
t 0 z

J 72(2)E(s_)Y_(ds, dz).

t

2| (5 xa(e) |

0
Then

— J E(s) ds
m+e t t ),

efs (! €
+ o S)tJOQ@ aXs(s) + 7 j

m+¢e)t
¢ SOLEO) A5y axy o)+
t tJo

+ B2 | B0 xalo)+ | | ma(E(s)Y-(ds,d),

o
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By using Lemma 1, we directly obtain that

liml(— & +m+a)Jt5(s)ds:H—lim MJ’tE(s)ds a.s.,

t—oo t E+m 0 t—o0 0

t—o0 t—o00

t
From Remark 1, we indicated that lim E(t) = 0 a.s., which implies that lim %J E(s) ds =

0
0 a.s.So
lim 1Jt5(s)ds—1—[ — 0 m B —Exm—H—S'
oo t - e+m ¢ T m a4+m+e
and
1 q t Q(t) Q(0) B2 1
lim = -1 _ - .
Hm g JOQ(S) ds (H—f—m)tJOS(S) S rmy T rmy  Tgm tLQ<S)dBZ(S)
Therefore,

Remark 2. From the above results, we can directly infer that

1t 1
lim —J Z(s)ds=0as., and lim ?J P(s) ds = 0a.s.

t—oo t 0 t—o0 0

Asymptotic persistence

Asymptotic persistence of a virus refers to the scenario where the infection becomes endemic in a
population, meaning that it becomes present at a relatively constant level within that population
over time. This can occur when the virus has a low but steady transmission rate, allowing it
to continue spreading even when there are no major outbreaks. In this subsection, we give an
optimal condition for the continuation of the virus which is presented in the following theorem.

Theorem 2. Assume that (A) and (B) hold. If f1(i1) > fo + f3, then we have the following inequality

timinf ; | (16)+C(s))ds > - (D)~ fa—fo) =Cle as,

t—o0 0

where

o fi(u —3<\/g1— u+{’/ax(1—u)>\3/ﬂ(b1—b2)ﬁ, Vu € (0,1),
. fz_7m+ﬁ+(@c+5c+bc)+(@1+51+f)1)+(hz+5z)+lﬂ—al,

o fy— 2ZﬁZ+ZJ (7i(2) ~In (14 7:(2)) ) A (),
e i = /3(1—0)(V2(T—0) +ﬁ)1,(o<ﬁ<1).

More precisely, the asymptotic persistence of a virus occurs when Cte > 0.
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Proof We define the function F(y) = Y_ In (y;). Direct use of It&’s formula gives
(=1

o7 = {3ty - = (0560 (1-245) + )
(Sgg <I(t) +gC(t)> (bl _ Dbilﬁ))) - (m+ﬁ)>

+ ((1 D)ﬁ%—(““rwc +5c+hc)>
+ (,Bblf(—:))—(m—l—w1+51+b1)) (a%—(m%—e))

1) cw 2LRIO B
+ (@17 +ocg — bz +32)) + (g +oip +scp —m)

7 7
—05Y pi- ZJ (’yi(z) ~In(1+ %(z)))AJr(dz)} dt
i=1

7
Y dXi(t) Z j In (1+7,(2)) Y- (d, dz).
i=1

Then

I Q(t)

dF (y(1) = {m—fn(l(t) +gC(1) + (e Aa) (su) L 30

Q(t)

) n ;Eg (b1 —b2) (I(t) +gC(t))

7
+ (1— a)ﬁ%ﬂ%n ZJ ( —In (1+7(z ))>A+(dz)

=1

7
. 7m+H+a—|—,B+(@c+ﬁc+bc)+(@I+5l+hl)+(UZ+5Z)+0-5Z/312] }df

+Z/31 dX( ZJ In (1 +7;(2)) Y-(dt,dz).

By remarking that 2(IT A\ a) = IT+ a— [T —al;and (S?(t) + Q*(t)) > 2S(t)Q(t), we get

dF(X(t)) > ({(1;(;7))11 + (by — by) S(Et)égt) +/30]f((:”
ull S(H)C(t) E

i (t) (t)
+[m +g (b1 —by) E(D) +(1—0)5m]
7

7
— b1 (I+8C(t) — f2 —fa) dt+ Y BrdX(t)+ ) L, In (1 +7i(z)) Y- (dt, dz).
i=1

i=1
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By employing the arithmetic-geometric inequality, we directly obtain

4F (3\/ IT (b —by) 0+ 33/ATT (by —by) gp(1—0) — by (I+gC(t ))—fz—fg,) dt
+Z[3i dX( ZJ In (14 (2)) Y_(dt,dz)

> ((llel(ﬁ) — f2—f3) = b1 (I+gC()) ) di (11)
+Zﬁl dX;( ZJ In (1+ 7(z))Y_(dt,dz).

An integration from 0 to t on both sides of (11) leads to

HEW) - Fu) = (@ o fr) 2 JO(1<S>+gC(S))dS
1< 7t
+;;ﬁ,xl(tw—;LLln(H%( ))Y_(dt,dz)
Hence,
t] (10 +c6)as > | (16)+5c)ds > - (f XO)=FKO) | (5 g, f3)>

1< [t
v ;L L In (1+7,(z)) Y_(dt, dz).

Thanks to the strong law of large numbers for local martingales and Lemma 1, we finally get

nmmf%r(z()m( ))ds bl(fl() foefy) = Cte as.

t—o0 0

If Cte > 0, then asymptotic persistence will occur almost surely. That is to say that all classes of
the population persist in the mean. [

Remark 3. In the context of a disease, persistence in the mean refers to the tendency of the disease incidence
or prevalence to revert back to its long-term average over time. This means that if the incidence or prevalence
of a disease is higher (or lower) than its long-term average in one period, it is likely to be closer to the average
in the next period.

3 Numerical verification

A numerical verification of theoretical results involves using computational methods to simulate a
mathematical model or theory and comparing the simulation results to the analytical predictions.
This process helps to validate the theoretical results and to gain a better understanding of the
underlying phenomena. For this reason, we present the following two examples in order to
validate the outcomes of Theorems 1 and 2.
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Example 1: Asymptotic extinction

We consider the following initial data:
(S(O),E(O),C(O),I(O),Q(O),Z(O),P(t)) = (3,1.6,1.2,1.3,1.8,0,5,0.2).

For deterministic parameters, we select IT = 0.01, m = 0.014, hc = 0.0005, h; = 0.0008, bz =
0.004, a = 0.1003, ¢ = 0.071, by = 1.2, b, = 0.1, p = 0.71, g = 0.0594, B = 0.6201, 0 = 0.2,
@1 = 0.033, @c = 0.024, sz = 0.02, s; = 0.0183 and s¢c = 0.0139. For stochastic parameters, we
select By = 0.25 and vy = 0.12. Then

m—0.5(s—1) </3§ \/ﬁ%\/ﬁ%\/ﬁﬁ\/ﬁ%\/ﬁg\/ﬁ%) —s711,(z) = 0.00145 > 0,
and

1 1
lim sup 7 In (E(t) +C(H) + (1)) <byS* —m— - (,3% NBIAB]) — & = —0.0075 < 0.

t—o0

Consequently, the conditions of Theorem 1 are verified and the infection will asymptotically
extinct (see Figure 2).
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Figure 2. Random paths of perturbed model (2) in the case of asymptotic extinction

Example 2: Asymptotic persistence

We consider the following initial data:
(S(O),E(O),C(o),l(o),Q(O),Z(O),P(t)) = (3,1.6,1.2,1.3,1.8,0,5,0.2).

For deterministic parameters, we select IT = 0.04, m = 0.014, hc = 0.0005, h; = 0.0008, bz =
0.004, a = 0.1003, ¢ = 0.071, by = 1.2, b, = 0.1, p = 0.71, g = 0.0594, B = 0.6201, 0 = 0.2,
@7 = 0.033, wc = 0.024, s = 0.02, s; = 0.0183 and s¢c = 0.0139. For stochastic parameters, we
select By = 0.15 and 7y = 0.08. Then f;(i1) = 0.145 > f, + f3 = 0.0378, and

liminf%r (1) +C(5)) ds > bll (A7) — fo— f3) = 0.0893 > 0.

t—o00 0

From Figure 4, we confirm the result of Theorem 1. Therefore, all model classes persist almost
surely, which are shown in Figures 3 and 4.
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Figure 3. Random paths of the solution I(t) 4+ C(t) in the case of asymptotic persistence
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Figure 4. Random paths of perturbed model (2) in the case of asymptotic persistence

4 Concluding remarks

Intervention measures are strategies implemented in epidemiology to prevent or control the
spread of infectious diseases. These measures can be classified into primary, secondary, and
tertiary prevention. In this article, we have proposed a general epidemic model that takes into
consideration various measurement interventions such as media, isolation, and therapy. Our
model is extended to a more general and real context by considering the effect of discontinuities.
Epidemiological leaps refer to sudden increases in the number of cases of a particular disease
within a population or geographic area. These jumps can occur for a variety of reasons, including
changes in the environment, behaviors, or characteristics of the pathogen. It is important to
understand these factors to develop effective strategies to control and manage the spread of the
disease. For this reason, we have provided the conditions for the extinction and persistence of the
infection. Finally, we performed some numerical experiments to validate our study.

In general, we point out that this study generalizes many previous works to the case of standard
Lévy jumps. Furthermore, this study offers a few new insights for understanding the transmission
of the disease with complex real-world assumptions. In other words, the techniques and models
investigated in this work open up several research opportunities for future studies.
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Abstract

In this work, a fractional-order vaccination model for the novel Coronavirus 2019 (COVID-19) incor-
porating environmental transmission is considered and analyzed using tools of fractional calculus.
The Laplace transform technique and the fixed point theorem lay out the model solutions” existence
and uniqueness. The solutions’ positivity and boundedness are also demonstrated. Additionally, the
stability of the model’s equilibrium points is discussed using the fractional-order system stability
theory. The model is fitted using the data sets for the Pfizer vaccination program in Nigeria from April
1, 2021, to June 10, 2021. In conclusion, simulation results for various fractional parameter values
are presented. It has been observed that increasing fractional-order values has distinct effects on the
various model compartments, for Rg < 1 and R > 1, respectively.

Keywords: Fractional derivative; stability; COVID-19; environmental transmission; numerical simula-
tion
AMS 2020 Classification: 34C60; 92C42; 92D30; 92D25

1 Introduction

In 1965, scientists found a human coronavirus in the passageway that separates the upper and
lower parts of the human body to let in and let out the air. [1] was the first discovered in an adult
with a common cold. Humans can become infected with seven different kinds of coronavirus.
In 2002, the sort liable for the serious intense respiratory condition (SARS) arose in South China.
For a brief period, it impacted 28 different nations, giving an all-out number of around 8000
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additional infected individuals bringing about 774 passings by July 2003, with a little increase
in 2004 having just four additional cases, [2]. Experts believe that bats are the source of the
coronavirus (SARS-COV2), which also gave rise to the middle east respiratory syndrome (MERS)
and severe acute respiratory syndrome (SARS) [3]. It is one of a group of viruses that can cause a
variety of symptoms, including fever, pneumonia, difficulty breathing, and a lung infection. In
China, Wuhan Hubei province, an outbreak of a respiratory illness occurred in December 2019.
The WHO declared Coronavirus disease (COVID-19) a global public health emergency due to the
virus’s rapid spread and as the leading cause of this illness. According to WHO, it affected roughly
19 countries by the end of January 2020, with 11791 confirmed cases and 213 deaths. The common
symptoms are dry cough, exhaustion, fever (although some older people may not experience these
symptoms), aches and pains, nasal congestion, a runny nose, sore throat, or diarrhea [4]. Droplets
from the infected person’s mouth or nose can spread the virus between people who are within
two meters away from each other. It can likewise be spread in ineffectively ventilated indoor
settings where individuals stay for a more broadened period, [4]. Reports show that transmission
in children between the ages of 10-14 and teenagers have lower vulnerability than grown-ups, [5],
[6]. Millions of people around the world, including in China, Canada, the United States, France,
and Germany, have contracted COVID-19 since its discovery. According to the National Centers
for Disease Control and Prevention (NCDC), as of June 25, 2021, approximately 167430 individuals
in Nigeria had been identified as carrying the virus, 163937 individuals had been discharged, and
approximately 2119 deaths had been recorded [7].

Mathematical models have become excellent tools for comprehending the behavior of infectious
diseases [8, 9]. There have been a variety of approaches taken to investigate the means by which
the disease is transmitted from person to person, the ways in which it can be avoided, and the
possibilities for infectious disease control. Mathematical models have been an essential device or
tool in completing this task. Numerous models have been developed by numerous individuals,
including mathematicians and biologists, since the COVID-19 outbreak to explain the virus’s
spread from person to person. Mathematical modeling of COVID-19 transmission was taken into
consideration by Sarita et al. [10]. They considered the roles of different intervention strategies such
as lockdown, quarantine, and isolation of symptomatic individuals. They concluded in the model’s
numerical simulation and sensitivity analysis that disease could be prevented or controlled by
minimizing close association, increasing the effectiveness of confined and quarantined individuals
with symptoms. Enahoro et al. [11] examined the COVID-19 pandemic in Nigeria through
mathematical modeling and analysis. They examined the model by applying the data gotten
from the Nigeria Center for disease control (NCDC). Okuonghae and co-authors [12] analyzed
Lagos” COVID-19 population dynamics using a mathematical model and concluded that the
virus’s prevalence would significantly decrease if regular social isolation, mask use, and other
preventative measures were maintained. Bashir et al. [13] fostered an ideal optimal control
model for the Coronavirus (COVID-19) pandemic. Their findings demonstrated that the control
effect of increasing the number of susceptible individuals decreases the number of infectious
individuals. Mohammed and others [14] looked into a fractional-order mathematical model for the
dynamics of COVID-19 that included quarantine, isolation, and the viral load in the environment.
The model’s numerical simulation demonstrated that a 50% increase in the isolation rate of
exposed individuals will significantly reduce the number of infected cases. It would likewise be
diminished if the asymptomatic infected individual could take precautionary measures and quit
working uninhibitedly in a susceptible population. Omame et al. [9] developed a fractional-order
model for COVID-19 and tuberculosis co-infection utilizing the Atangana-Baleanu derivative.
According to their simulations, reducing the risk of COVID-19 infection among people with
inactive tuberculosis also reduces the spread of the virus and the two diseases simultaneously
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affecting a population. Using the Caputo-Fabrizio derivative and the homotopy analysis transform,
Baleanu et al. examined a fractional-order model for COVID-19 transmission in their research.
A convergent series solution was provided for the model [16]. Rezapour and others [15] also
considered a Caputo derivative-based SIR model; using reliable data and an approximate fractional
Euler solution, their model predicts the transmission of COVID-19 from one infected person to
another in Iran and around the world.

Fractional differential equations have gained wider applications in the modelling of physical and
biological processes in recent years [17-20]. It has demonstrated its importance due to its capacity
to capture the memory, hereditary, and also properties that are not local [21]. Fractional derivatives
and integrals are crucial for epidemiological modeling as they store relevant information for
recollection, which will assist with spreading disease. A lot of models to control disease circulation
have been extensively analyzed using fractional derivatives [22-26].

With the help of the Caputo fractional-order derivative, the primary goal of this study will be to
develop a novel vaccination model for COVID-19 that incorporates environmental transmission
and is tailored to actual Nigerian data. This study will significantly contribute to understanding
the effective transmission of Coronavirus in our immediate environment. The main motivation
for using the Caputo fractional derivative is that it has a unique way of dealing with pressing
issues that affect people, like an epidemic, and also allows the conventional, initial, and boundary
conditions to be taken into account [27, 28].

2 Preliminaries

Some relevant definitions and methodologies required in this paper are now highlighted in this
subsection.

Definition 1 [29] Fractional integral of order ¢ > 0, p € R reads

t
Jf(t) = %p) j0<t—a>¢1f<@>d¢, £>0,

with the symbol I' as the Gamma function given as

[(9) = | " exp(-0 e, T+ = yriy), Rely) >0

where f(t) = 1, the fractional integral of order i > 0 reads

t
S T(p+1)
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having n as a non-negative integer givingasn —1 < ¢ < n,and 0 < 1 < 1, the definition above
reduces to

t

DIS) = g |, (-0 @) )

0

Definition 3 ([29]) Caputo fractional derivatives can simply be defined as

P T(q+1)(t—t)T ¥
Pl =h)' =", ¢+g> ’

with0 <y <1,q>—1.

Definition 4 Series expansion of the Mittag-Leffler of two-parameter aq, ay type function is given as

o0
“1042 %thlr—l—txz a1 >0, ap >0, zeC. ()

It follows from (2) that

(0. 0] OOZ
E E e
11 er+1 Zr! ¢
r=0 r=0

The renowned exponential function. Further

Generally

E1.(2) ! X | & z
1n(2) = —2 Tt |-
" z-1 —T(r+1)

Definition 5 [29] Laplace transform of Caputo fractional derivative (1) is given as
c{pff(n} = s¥f(s)—s7f(0), 0<yp<1, )

with £ as the Laplace transform operator, and f(s) = L{f(t)}.

Lemma 1 [30] Given ¢ € R™, 01(t) and 0, (t) stand for the non-negative functions and 05(t) stands for
both the non-negative together with the increasing function for0 <t <S5, S > 0, 03(¢t) < N, with N as a
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constant. Supposing
t
01 < 6+ 05(1) | (1) 01(0)az,

0

then

61 < 6,Ey (93(f)r(1 _ ¢;Tsin(7ﬂ,b) Sq]) '

3 Model formulation

At a certain time t, we represent the entire population of humans with Ny (t), which we divide into
the states of being such that the occurrence of any one implies the non-occurrence of all the others
(mutually exclusive) subdivision of a population of unvaccinated susceptible individuals (S.(t)),
individuals vaccinated with the Pfizer vaccine (V. (t)), asymptomatic infectious individuals (A.(t)),
unvaccinated symptomatic infectious individuals (J,(t)), vaccinated symptomatic infectious
individuals (J,(t)) and recovered individuals (R(t)). Hence, N, (t) = S. + V. + A. + ], + J. + R.

How do we get the population of unvaccinated susceptible individuals, S, created by bringing
in new individuals at the rate (). Contacts with an infected environment cause individuals
to be infected with COVID-19 and therefore reduce an entire population at the rate ¢C,, and
contacts with infected individuals at the rate: WA“LN—W. The modification parameter 0 <
6 < 1, accounts for reduced probability of transmission by asymptomatic infectious individuals.
The parameter o,(0, < 1) is a modification term accounting for the reduced infectiousness
of vaccinated infectious individuals. f is the effective contact rate for transmitting COVID-19
infection from humans. ¢ is the effective contact rate for the transmission of COVID-19 infection
from the infected environment. C,, is the concentration of COVID-19 in the environment. We
can define the active changing mode by which the fractional order model for COVID-19 is being
transmitted in a population by the system of non-linear fractional differential equations in Eq. (4)
below, alongside the Table 1 depicting the connected state variables and parameters in the model

(4).

Dfs. = a-os.— (PATLEC ) s _ge s s,
D;/JVC = S, — (1 . C) <:B(CUAC _|Z_\]]U + Qv]v) + 19Cev> V. — ‘MVC,

DA, = p <ﬁ<°"AC o al) | 19CEV> S+ f(1-¢) (5(“"4‘”- Ll al) | 19CEV) V.
_(,)/A + .u>Aci (4)
D;T,J]U — (1 _ p) <:B((UAC —iz_\]]U + Qv]v) + ﬁctv) Sc . (,)/IU + dIU + H)]U’

DfJ, = (1-f)1-¢) <ﬁ(wAm;]£u+Qv]V)

DIR = v A+ 7]+ 7o~ pR,
D;'PCEV = XlAC + XZIU + X3]v - ]’lEVCEV/

+ 19CEV> Vc - (r)/IV + dIV + ;Ll)]v,

with the corresponding initial conditions
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5:(0) = 0,Ve(0) = 0, Ac(0) = 0,.(0) = 0,].(0) = 0,R(0) > 0,C.(0) = 0. ®)

Table 1. Representation of the variables in the model (4)

Variable Interpretation

Sc unvaccinated susceptible individuals

Ve Vaccinated with vaccine (Pfizer)

Ac Asymptomatic individuals (vaccinated and unvaccinated)
Ju unvaccinated symptomatic individuals

Jo Vaccinated symptomatic individuals

R Recovered humans

Cev COVID-19 concentration in the environment

Table 2. Representation of parameters in the model (4)

Parameter Interpretation Baseline Value Reference
Q Recruitment rate %dﬂy* 1 [31]
B Effective transmission rate of COVID-19 0.00016708 Fitted
) COVID-19 vaccination rate 0.0059day—1 Fitted
U Natural death rate deﬂy* 1 [31]
¢ COVID-19 vaccine efficacy 0.95 [32]
p Fraction of unvaccinated susceptible that move

to asymptomatic class 0.5 Assumed
f Fraction of vaccinated susceptible that move

to asymptomatic class 0.5 Assumed
w Modification parameter that accounts for

reduced infectiousness of humans
in J, class in comparison with humans

in [, class 0.7 [12]
Ya, Yju,Vjo  Recovery rates for individuals

in the A, J4, and [, classes, respectively 0.13978day~1 [12]
Hev COVID-19 removal rate from the environment 0.03day—1 Assumed
dju, djp Disease induced death rates for

individuals in the J,, and ], classes, respectively  0.015 [12]
X1,X2,X3  Virus shedding rates from

infected humans 0.0005day—1 Assumed

Fundamentals of the model

The boundedness and positivity of the solutions prove that equations (4)-(5) are mathematically
and biologically presented.
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Invariant domain

Theorem 1 Assume S.(t), V.(t), Ac(t), Ju(f), J.(£), R(t), Ci (t), are solutions to the equations (4)-(5),
then

i. theset V =V, UV,, where,

V, = {(Sc(t),Vc(t),Ac(t),]U(t),]V(t),R(t)) € IRZr :SctVe+ A+ T+ 0+ R < %},

v o {C C <(X1+X2+X3)/3}

]/lEv

is positively invariant with regard to the governing model,
ii. each solution to the equations (4)-(5) beginning from the initial point Sy, Eo, Iy, Ro and Py remain
positive at every value of t > 0.

Proof Let us closely observe the expression below for time ¢
N, = Sc+V.+A+],+].+R (6)
summing up the equations corresponding to the human compartments of the model generates

DIN,(t) = D/S.(t)+DJVi(t) + D A(t) + D{'.(t) + D{'J, + D{ R
< Q—uN,.

Hence, by using Laplace transform, the inequality becomes

sYN,(s) —s¥"IN,(0) < g —uN,(s),

from which

N, < Q N, (0 S
= e

By partial fraction, the above expression can be re-written as

we < 2 (1¢_) o
s (%_,_1) s¥ 4+ u
— % <%) — (%—NH(O)) % <1+Sﬁ¢>l,
o < 50 () £
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The inverse Laplace transform with the help of (2) gives

.
N < 9—<9—NH(0>) r_o_< utt)

AN I(yr+1)

(@) (Q

—— ——M@OE —ut¥

o p (=nt?)
It follows that as t — oo

0<N, <, @)
4

of which the requirements that make equations (4)-(5) bounded and also indicate that there is an
achievable possible region. [ |
Positivity

Suppose that by contradiction, the third equation of the model is not true.

Let t1 = min{t : S.(£)V.(t)Ac(£)],(1)],()R(¢)C,(t) = 0}). Suppose A.(t1) = 0, it suggest that
Sc(t) >0, V.(t) >0, A(t) >0, J,(t) > 0, .(t) > 0, R(t) > 0, C,,(t) > 0, for all [0, t1], suppose by
assumption, the expression below exists,

®; = min
0<t<t;

{P(ﬁm%@+hszﬂ+ﬁQvS€+ﬂl_@(ﬁ@mf+hzghwﬂ%;>m_0“+yﬁ_

It follows that
DYA(t) —©1A(t) > O. (8)

We state (without proof) that continuous function ®; can be established in a way that the equation
below is discovered

DYA(t) —@1A(t) = —®1(b).
With the Laplace transform, the last equality becomes

sYA(s.) —s¥1A(0) — @1 A (s) = —P(s),

from which

A = A0 - ) _ AL (1‘%1‘@1(5) (1_%)1

-0, -0, s s¥ s¥ s¥
- O - 9]

= A0)) %06 ) Gy
r=0 r=0

The inverse Laplace transform using the Mittag-Leffler function and forgetting the non-positive
term produces a solution to the above terms in (8) that meets the expression below.
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Hence, the positivity of the solution A. is as follows:
A.(t) > A(0)Ey (©1t%) > 0,

which contradicts A.(t;) = 0. Similarly, suppose J,(t1) = 0 which implies that S.(t) > 0,
V.(t) >0, A(t) >0,].(f) >0,R(t) >0,C,, >0, forall 0 < t < t;. Assume the expression is true

® = min {(1—;9) (M“’AC””QV]“)“?C“)SC—(%U+dIU+V)},

0<t<t; Jo

then

DYL.(H) > ©].(). 9)

It follows that a continuous function ®;(f) may be established in a way that the equation below is
discovered

DIT.(H) = @] (t) = —Do(t).

With the Laplace transform, the equation becomes

Swju(s) _Slp_l]U(O) _®2TU<S) = _&)2(5)'

from which

- s¥—1 D (s = O
MO = 105, e, = MO Y -

0 r
2
2(5) )_ gy
r=0

Using the inverse Laplace transform, applying the Mittag-Leffler function, and forgetting the
non-positive term, the solution to the equation (9) meets that of the quantity below

o ‘/’
L6 > 1.0) Zr@)zt — J.(0)Ey (@aY).

Hence, the positivity of the solution I is as follows

Ju(t) > J.(0)Ey (©21%) >0,

which contradicts J,(t1) = 0. Applying the similar method of solution to the question above, we
assume J,(t1) = 0 which suggests that S.(t) > 0, V.(t) > 0, A.(t) >0, J,, R(t) > 0, C,,(¢t) > 0 for
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all 0 <t < t;. Suppose the expression below is true

AC U vJv
So that
DJ(t) > ©s],(t). (10)

It follows that a continuous function ®3(#) can be established in a way that the equation below is
discovered

DI J.(t) —@3],(t) = —@s(t).

By using the Laplace transform, the above inequality becomes

Slpfv(s) _Slpiljv(o) _®3]~v(s) = —¢3(S),
from which

o0 @r
3 3
0) > ot —Ps(8) 2_ iy
r=0 r=0

ol
—~
¥2)

Applying the inverse Laplace transform using the Mittag-Leffler function and forgetting the
non-positive term, the solution to the equation (10) meets that of the expression below.

o Py
L.(t) > J.(0 Zr®3t J.(0)Ey (©3t%) . (11)

Hence, the positivity of the solution J, is as follows

Jo(t) > J.(0)Ey (®3t¥) >0,

which is not in agreement with the fact that J,(t;) = 0. Likewise, assuming C,,(t;) = 0 which
suggest that S.(f) > 0, V.(t) > 0, Ac(t) > 0, J.(f) > 0, R(t) > 0,C,, > 0, forall 0 < t < #.
Supposing the expression below is true

® - min {(XlA + x2Ju + x3J _yw)},

0<t<t Cy

then

DYC,(t) > ©4C,(b). (12)
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It follows that a continuous function ®4(t) can be established in a way the equation below is
discovered

DY C(t) —O4Cu(t) = —Du(t).
By using the Laplace transform, the inequality becomes

sYC.(s) —s¥71C (0) —O4C. (s) = —Dy(s),

from which

~ s¥—1 Dy(s) = O > O]
Culs) = Cul0)g ey C..(0) ZO 1~ a(9) ZO el
r= r=

Applying the inverse Laplace transform using the Mittag-Leffler function and forgetting the
non-positive term, the solution to equation (12) meets that of the quantity below.

= (O4th)"
C.(t) > C,0) Zrlpjﬂ Co(0)Ey (©4t%) .
r=0

Hence, the positivity of the solution ], is as follows

Cu(t) > Co(0)Ey (@4t¥) >0,

which contradicts C,,(t1) = 0. Furthermore, the same method of solution will prove that the
positivity of the solutions S, V., R and C,, are as follows

Sc(t) > S.(0)Ey (Ost¥) >0, V() > V.(0)Ey (Opt?) >0,

R(t) > R(0)Ey (©7tY) >0, C.(t) > C.(0)Ey (Ost?) > 0.

Existence and uniqueness of the solution

This section shows the proof of existence and uniqueness of the solution of fractional model (4)-(5).
The same solution method in [33] is employed here using the theorem of Banach fixed point and
Picard’s operator. Furthermore, for existence, Schauder’s fixed point theorem will be applied in
which the boundedness of the solution shall be proven, too.

The use of fractional integral together with the Caputo fractional derivative model (4) of order
¢ > 0 alongside its corresponding initial conditions (5) present the Volterra-integral equations of
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the second kind below as well as a solution to the fractional model.

r

S(0-5.0) = o | (-0 LE s @O
VY0 = s [0 M@V @),
A=A = 1o | (-0 NG A ),
LO-LO) = s | 600 @ 1)
FO-10) = i | -0 P@ e
R(t)=R(0) = ﬁ;(t—é’)‘”V(@R(é))dQ
C (£) — C (0) = ﬁ;(t—w1Z(C,Cw(€>)dé-

The functions (L, M,N,O,P,V,Z) : [0,b] — R x R without proof are presumed to be continuous
in such a way that the Banach space, as well as the space of all the continuous functions, are
(R, ||.|l) and H([0,b]) respectively which is defined in [0,b] — R formed alongside Chebyshev
norm.

The next thing we want to do is to show if the continuous functions L, M, N, O P, V, and Z meet
the Lipschitz conditions provided

sup ||| < @1, sup || < @2, sup (|| <3 sup ||| < @4
0<t<S H 0<t<S H 0<t<S H 0<t<S H
Thus, firstly we get
wA A+ [+ oy
s -1l = o= (o4 BOATLEC e 1)) s,
AC 18 vJv
CL}AC u v]v
— [ (5 =)~ B (5~ 50) — B (51— 5.0) -9, 51 - 52)
— 1 (S —Se)| (14)
< Pw sup ||| [[Sct —Sezll + B sup ||| ISe1 — Sca]
0<t<S H 0<t<S H
+0 sup [[Cul |Ser — Seall + # |Se1 — Szl + Bov sup Z{I_ 1Sc1 — Sea|
0<t<S 0<t<Ss H

IN

LL Hscl - SCZH ’
where

Ly = (Bwe1 + Bp2 + Bo.@z + 0C,, + ) > 0.
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Secondly,

CUAC "’;\]]U + Qv]v) + l9CEv> Vcl

_ <5sc —(1-29) (ﬁ(wAC j;\]] +aJ) +0C,, + y) ch) ’

- — ((ssc +(1-2) (5(“’AC +N]“ +aJy) +9C,, + y)) |Ver — Vo]

IM(V1) — M(Va)|| = Hgsc g (/3(

Js

N,

|+ (1—=3)B sup

0<t<S

= ((1 —¢) Bw sup (15)

0<t<S

H

v

N,

+(1=¢) oy sup

0<t<S
< LM ||Vc1 - Vc2|| ’

+6S. + 0C., + y) |Ver — Vez ||

where

Ly = ((1—-¢)Bwes + (1—5) Beps + (1 =) Bovps + S +OC,, + ) > 0.

Applying the same method below, we get

NG - Nl = (= atwasp(BlAtlrel) o )s)

i Hf(l g ((/3 (WA + ], + o) N ﬁcw)> A

!
- H (_ (Ya+p)Ac+P <Nﬁ ok j;\I] ekl M“) SC)
fa-g ((Bettirell o ) a0 ‘

N,
(va+u)l|[Aca — A
LN ||Acl - ACZH ’

' 16)

+

IA I

where

Ly = (va¢s + pe3) > 0.

10(Ju1) —O(w)|| = H(l_P)(ﬁ(wACLngQVL)

—(1-p) (5 wh-tltel), ﬁcﬁv) S — (1 + s+ 1) Juo)

Lo |Ju1 = Juzll, (17)

+ acw) Se— (Y +doy + 1)) T

IN

where

Lo = (v]wp1 +d]u@a+p) > 0.
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PG POl = =) -0 (BCATIEOM 4o )5 ()
— a-pa-g (BTl he Vs (i e
< Lp|[Jor = Jozll» (18)
where
Lp = (vwp2 +dypz+p) > 0.
IV(R) = V(R = [[7aA+yufu + 7o — (1) Ri = (7aA + 7oLo + Lo = (1) Ra) |
< Lyv|[Ri—Raf, (19)
where
Ly = (u) > 0.

HZ(CEV1) - Z(CEVZ)H HXlAL +X2]U + X3]V - (,uEv) CEVl - (X]_Ac + XZ]U + X3]V - (I/[EV)) CEVZ”

S LZ HCEvl - CEVZH . (20)
where

LZ = (l’lEV) > 0.

Theorem 2 If (Ly, Ly, Ly, Lo, Lp, Ly, Lz) r(l_w);i;(mp)w < 1, it follows that the fractional model

(4)- (5) has a unique solution on [0, bjwhere (L, M, N,O,P,V,Z) : [0,b] x R — R are presumed to be
continuous meeting the Lipschitz condition.

Proof Observe the mapping below 7 : H! ([0,b], R) — H! ([0,b], R), with a well defined 7 in
(L,M,N,O,P,V,Z):[0,b] x R — R. Using (15)-(20) and for all ((S.1,Sc2), (Vc1, Ve2), (Ac1, Ac2),
(]Ul/ ]UZ)I (]Vl/ ]VZ)I (RIIRZ)/ (CEVl/ CEVZ)/ € Hl ([0/ b]/R) and 0 S t S S we get

t
.00+ s [ (-0 L@@t
1

_ ‘ (SC(O) + ) J; (t—0)""1L(Z,5:(0)) dg) H 1)

(t—0)Y M IL(Z,Se1(Q)) — LG, Se2(Q)) ]| A

17(Sc(£)) — 1 (Sea ()] = ’

IA
—
—_
~
(@] S

IN

], =07 150 ~sa@l a2

0
I'(1—1v) sin(mp)Sll’
(s

IA
h
=

) 1561 — Szl -
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Similar process yields

(V) = e < Ly (DT
IAa () —n(aan] < Ly (FEEIOS 14 agly,
@) = na®) < Lo (TSI 1y )y, @
) =)l < Lp (FETLIEIS Y
IR (6) =y (Re(o)] = Ly (TN oy g,
(Cal) =n(Calt)]] = L (FEZLIEI Yy
The condition clearly shows that (L;, Ly, Ly, Lo, Lp, Ly, L) Z4=%) ;};(”‘/’)51” < 1, the parameter 7
is a contraction mapping and application of the Banach contraction mapping principle, signifying
that the parameter 7 has a unique fixed pointin 0 <t < S. n

Using the theorems of Schauder’s fixed point, the existence of solutions of fractional model (4)- (5)
shall be considered.

Theorem 3 Assuming that (L, M,N,O,P,V,Z) : [0,b] x R — R are continuous and that there is a
constants (Lpl,Lcl, L1, L1, Ler LUl/LW1) >0

so that

IE(E S < Loy (d-+ S, G VO < Lo (d+ [Vel), IH(E ADI| < Lins (d+ | A,
IK(E I < Li (@4 11l 1QC 1) < Lon (d+ 1) U R)I| < Lus (d+ [R]),
|W(t,Cw)|| < Lwi (d+ ||Cul|), with O < d < 1as an arbitrary number, it follows that (4)- (5) possesses
a minimum of one solution.

Proof From (22), it is clear that the operator 7 is continuous. Thus let {S" "1}, (V1) {A" 1},
U oo, M oo, (R ), {C 1o, be sequences so that S"F1 — §7, Vitl  yn Antl y An)
Jrtl g, Al g Rl R CHL 5 C7in HY ([0, ], R). Then for every 0 < t < S we get

EV/

st —nsi| = i | 6-0r e (@ st @) - [ e-0r @ si@)
< %lp)j:(t—cﬂ—l [Pt @) —F@si@)|
< %\S?H)—S? /
< Lp (r(1—¢)l;i?(mp)s¢) st sz (23)

where |[SP+1 —S"|| ., — 0asn — co.

¢l
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Following the method of solution, we have

et gy < Lop (FEEEERIDSEY ety
parei —gart| < Lo (FELIRERSY g
H,ﬂnﬂ ol < L (r(l_lp)l;:(ww) [any .
o -] < Lop (FEZRLSMIOSEY gt )
[nR= ) =R (1) < L (r(l_‘p)l;:(m”sw) RT-RY|
ez nczio] < b (ORI ooy
T‘Vﬁiﬁ UVIZ:JH— v l, g — 1|l g = 2

Next we show that the operator 7 is a one-to-one bounded set of H! ([0, b], R). Therefore, for every
Sc € Mg, V. € My, Ac € My, o € My, |, € Mj,, R € Mg, C,, € Mc,,, also for y > 0, there
is a corresponding value z > 0 where ||#S.|| < z, [|7S:|| < z, |7V < z, ||1A] <z, ||[n]| < z,
InJvll <z, |InR|| <z, ||7C]|| < z. The subset of Banach space of all continuous functions on the
interval 0 <t < S are given as follows

Bs = {S. e H' ([0, R): S| <y}, Mye={VeH (0B, R): V.| <y},
My, = {AC e H ([0,b],R) : | A < y}, My, = {]U eH' ([0,b],R) : [|1]| < y},
My, = {J, e H' (10,6, R) : 1] <y}, Mg ={ReH (0,5 R): R <y},

Bc,, = {Cu € H' (0,5, R) : [IC.]| <y}

Thus forany 0 <t < S,

1 1
ISl < 1S+ s | (=07 I s @)1
X —
< IS+ G | -0
— 1) sin ¥
< SO+ Lon (5, (FE LS

— 1) sin ¥
< SO)] + Lax (d-+y) (FEEESRIOE)
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Applying the same method of solution, we have the following set of solutions.

— ) sin ¥
Vil < VOl +Loi @+ ) <r<1 ¥)sin(7$)$ )

Pt
A < AQ)] + Lo (a-+y) (FELLRIST),
Ikl < 1)+ L () (FEZ RS
Ikl < IRO)] + Lor 2+ y) (TS
R < IRO)] + Ly (a+y) (PRI
el < 1Ca(0)] + L (@-+y) (FE—LEISTY,

Let ® maps bounded set together with equal continuous sets in H! ([0,b], R). Assuming that
0< 1 <t < S/ Sc € MSC/ ‘/c € MVC/ Ac € MACI ]U € M]U/ ]v € M]V/ RGMR/ Cr:v € MCEVI with
t1,ty € [0,b], it follows that

—_

it =5l = s | | 1<t1—aw—lF@,sC(o)—j(f(tz—cw—lP(asc(o)Hdg

VAN

Jtl(m—g)l” (= 0¥ FE S|

J (ty— )Y 1F(Z,5.(C dgH

LFl( +y)
CT(yp)
< (LFl (d+y

<

[ (-0 = -0r )+ -0rae]

f

rl(;ﬁ— ) sm(mp)> (t‘f 2t )w) .

Applying the same method of solution, we have the following

Ve(t) =nVe(tz)]] < La @yl ) sin(7y) tlp-|—2 th—t1)¥),
n n

IA

In]u(t) =nlu(t2)] <

H’?R(fl) —WR(fz)H <

[7Ce(t1) —nCu(t2)| <

(=
(-
Inf(t) = ()| < (
(=
(e
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As t1 approaches t;, the right-hand side of the inequalities approaches zero. The operator 7 is
proven to be a continuous function using the Arzola-Ascoli theorem. Hitherto, the fact that 7
maps bounded sets together with another set has been shown. In addition to that, the operator
is also continuous. Lastly, we would prove that R(77) = {(S., V., A, ., J.R, C.,) € H! ([0,5],R) :
(Se, Vo, A, Iu, ] R, Coy) = A (S, Vi, Ac, T, Jv, R, Ciy ) }is bounded for some A € (0, 1) using Lemma
(1). Assuming that (S., V., A., ], J., R, Cs, ) € R(7), so that

(Se, Vo, A Jo, ] R, Coy) = Ay (S, Vi, A, T, I, R, Cyy), it follows that for every t € [0, D] gives

IS0 < S0)+ g5 | (=D IFES@)l 42
< S(0)+ 5 | (-0 @ IS
clin [f oty Len [T g
< S0+ g | -0t ar s TN | -0t IS0l 4 24)
— ) sin ¥ — 1) sin t _
< 5.0)+ (1t UERSRUIST) o (EATUZSOWD) [ 0o s, g
< (SC(O) N Lplr(l—tlpp);in(ﬂgb)SlPElp (L[.‘lTIIJ)) .

As already proven, R(7) is bounded and using Schauder’s fixed point theorem, the operator # has
a fixed point and hence the solution of the fractional model.

Basic reproduction number of the model

To get the disease-free equilibrium (DFE) of the model, the right-hand side of the equations of the

model (4) is set to zero which is as follows,

QO 50
S+ pu p(0+mu)

& = (5.(0), V.(0), A(0), ,(0), J.(0), R(0), C.r (0)) = ( 0, 0,0,0,0). (25)

To get the linear stability of the disease-free equilibrium ¢,, we apply the method of the next
generation operator on the model (4). The matrix F (of new infection) and the matrix V (of the
transfer of infections in and out of the disease compartments), respectively, are as follows

Pﬂ}‘\*{’SH p%QH Pﬁﬁ}/HQH pOQuy
(1—p)ﬁwSC (1_151556 (1_P)5QVSC (1 _ p)lgs
F=| opaoper. a-niiop. (-ni-bpey, X
Ny : Ny ) Nu = (1-£)(1-¢)oV;
0 0 0 0

with Qy =Sc+ f(1-2¢)V,,

Yat+p 0 0 0

vo| 0 rtditp 0 0
0 0 Y +dy+u 0

—X1 —X2 —X3 Hev

Therefore, the basic reproduction number of the fractional order vaccination model for COVID-
19 incorporating environmental transmission denoted by R, = max{R,,, R}, where R, is
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human to human transmission, and R, is environment to human transmission, respectively. The
associated reproduction numbers are given by

o Bw(014Qm + (1 —p)SE + Vi)
o N;;G1G2G3 !
and
o~ BOn+ ({1 —-p)Sixa + Vixs)
0EV — Vi
,uEv
where,

G = ’)/A+]/I,G2 ’)’lu+d1u+1u/G3:71v+d1v+IuIQH:Sj+f(1_€)vc*/vc:(1_f)(1_€)vc*‘

Local asymptomatic stability of the disease-free equilibrium

Theorem 4 The condition for the DFE, Ny of the model (4) to be locally asymptotically stable (LAS) is that
the reproduction number must be less than 1, i.e R, < 1, and unstable when the reproduction number is
greater than 1,i.e R, > 1.

Proof To get the local stability of the model (4), we carried out the Jacobian matrix of the system
(4) and computed it using the value gotten at the disease-free equilibrium given as follows:

_(]4 16 0 7/3(475 7/352*. *ﬁQv 0 oS
5 —p —(1- CﬁSWV —(1- 5/3‘/* —(1— C)ﬁ@z 0 (1_5)19‘4*
0 o pestn “Bpove G, e +f(1 DBV: pﬁev5*+fl\(]1 DBOVE 0 st 4 F(1—E)oV
0 0 {Lopipust (-p)Bsc )55 G2 (-p)fess: ppess: 0 (1—p)os:
0 0 0= Dpov: a fﬁ’ OB OUOR G g (1 f)(1-g)ov;
0 0 Va ’)/]U v —H 0
0 0 xi X2 X3 0 M

The first four eigenvalues are Ay = —(u + ), Ay = —pu(twice), A3 = —p,,, while the remaining

three eigenvalues are obtained from the solutions of the equations below

(Ng + (=1 +p)Sup1) — (A + G2)VaPino(1 — Ry)) — (A + G2) (A + G3)QupB177461(1 — Ry)) = 0. (26)

Following the method of the Routh-Hurwitz, the above equations will possess roots with negative
real parts <= R,, < 1 and R, < 1 respectively. Hence, the DFE J(N,) is locally asymptotically
stable if R, = max{ Ry, R} < 1.

Epidemiologically, the above result implies that the prevalence of COVID-19 can be eradicated
from the population provided R, < 1 and if the initial sizes of the population of the model are in
the region of attraction of the DFE.

Generalized Ulam-Hyers-Rassias stability

In this section, the approach by Liu [30] shall be applied to prove that the fractional model is
generalized UHR stable. Following [30], the definition below holds:

Definition 6 The fractional model (4)- (5) is generalized Ulam-Hyers-Rassias (UHR) stable with regards
to Y(t) € H([0,b], R) provided there is a real value £y > 0 so that € > 0 and for every solution
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(S, Vi, Ac, o, 1w, R, Cyy, ) € HY(]0, b], R) of the inequalities below

Df's.(t) = F(t,5.(0)] < (&),

DIVA(t) = G(L, V()| < Y(1), DAt — H(E A1) < Y1),

(D 1(5) = K5, 1.(1)] < (),

DY JL(t) = Q(t, L (1)| < Y(1), |DIR(H)—U(LRWM)| < Y(0),

DYC(H) = W(LC ()] < X(),
there is a solution (S., V., A, ., J., R,7C.) € HY(]0, b], R) of the fractional model (4)-(5) with

Se() = Se(1)] < ZyY(1),

Ve(t) = Ve(t)] < ZyY (1),

A(t) —A()| S ZpY (1),

Jo(t) = T ()] < ZyY(8),

Jo(t) = J(£)| < ZyY(1),

R(t) = R(t)| < ZypY(t),

Co(t) = Co(B)| < ZpY(1).

Theorem 5 The fractional model (4)- (5) is generalized Ulam-Hyers-Rassias stable with regards to Y €
H'([0,b],R) if (Lg, Lg, Ly, Lk, Lo, Lu, Lw) S¥ < 1.

Proof From definition (6), let Y stand for the non-decreasing function of ¢, then there is € > 0 so
that

[0y <eve,

0

for every t € [0, b]. The functions F, G, H, K, Q, U, W according to prove is said to be continuous
and

(LF’ LGI LHI LK/ LQ/ LU/ LW) > 0

meets the Lipschitz condition as seen in the previous part. From Theorem (2), the fractional model
(4)- (5) has the unique solution

- 1

5.(0) = 5.(0) + 75 L(t—cw*F(@, 5.(0)d.

Integrating the inequalities in definition (6) we get

1 t
- L(t—gw—lwodc
eY(HT(1— ) sin(ry) 27)

= .

t
5.()—5.(0) - ﬁ]) [ e-orire sc<c>>d§' <

—
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Using Lemma (1) and Eq. (27), we have the following

5.0-5.0] < [8.00= (5.0 + g5 | - 0P F@ 8000 )|
t t
< [sin-s00= (g [ - 0P F@ S @+ g [ -0 @S @)
t
- w Lo s @)
s L [y
< Jsin =505 [ -0 F(C,SC(C))dC‘
t
T L (-0 F@ @) - FE S0 g
< eY(H)T(1—¢)sin(ty) +Lpl"(l— )sm(m/J)J( b— )1 |SC(C)—5 C)’dC
T 7T 0
< eY(H)I'(1— ) sin(myp) Ey (LgSY).

T
By setting Xy = wlflp (LpS¥) we have
1Sc(H) —=S.(t)] < ZyY(t), telo,b].
Using the method of solution, we have the following

Vi) = V()] < ZyY (1),

Adt) — A(B)| < ZpY (1),

(1) = J.(t)] < ZypY(t),

R(t) = R(t)| < ZyY(t),

J() = T(B)] < ZyX (1), Cu(t) — Cu(D)] < ZyY (1),
for every t € [0, ]. Therefore, it is concluded that the fractional model is generalized Ulam-Hyers-
Rassias stable with regards to Y (). ]

4 Numerical scheme and simulations

On account of the many benefits of the fractional predictor-corrector technique, it is applied in
this section to numerically solve the proposed model. The numerical scheme is derived from
the Adams-Bashforth linear multi-step method in the Caputo sense [34] The numerical method’s
convergence was also a topic of discussion. The entire model (4)-(5) is simulated using the values of
the parameters listed in our table 2 in accordance with the demographic and epidemiological data
pertinent to the dynamics of COVID-19 incorporating environmental transmission in Nigeria. The
total population of Nigeria is roughly 206,139,587, and the average lifespan in Nigeria is 54.69 years
[31]. we have that y = % ~ 0.0183 year—! and Q = u x 200,000,000 ~ 365,6976 year~!
The initial conditions are put as listed as: S.(0) = 200,000,000, V.(0) = 5000000, A.(0) =
5000, J,(0) = 2000, J,(0) = 2000, R(0) = 2000, C.,(0) = 2500.

Letty = kh,k=0,1,2,...,mbe the uniform grid points with some integer m and h = T /m, which
is the grid step size. As a result, (4) reduces to the fractional version of the one-step Adam-Moulton
method (Corrector formula) which is obtained by employing piece-wise interpolation with nodes
and knots located at t, j=012...,k+1,
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S.(tr+1) =S.(0) = ¢+2 (Zusz (b Sc(8)) + F (b3, sqm)))
Veltr1) = Ve(0) = ¢+2 (ch (ki Velt >>+G<r+1,ch<tr+1>>>,
Actrn) — A(0) = ¢+z (ZuzmH (ti, Ac(t:)) + H (tr41, Al (tr41)) )
Jolbr1) = 1.(0) = r<¢+z> (Z”erK ti Ju()) + K (tr, T2 (br41) ) (28)
Mt =10) = 5 (Zulmg (1 1 (00) + Q (brin, Ji(br0) )
R(bi1) —R(0) = F(l/()gl—/JI—Z) (Zuwﬂu (£, R(t;)) + U (ty21, R1(t,1) >
Cultr)—Cal0) = (Zulmv (1 Cur(8)) + W (tr11, C(tr11)) )

W — (r—)(r+1)¥, i=0.
where the weight u;, 1 = { (r—i+2)¥" 4+ (r—i)¥ 1 —2(r—i+ )%, 1<i<r
1, i=r+1.

The predictor formula motivated by the well-known one-step Adam-Bashforth method is given by

S1(ty41) — S.(0) = %Wzvimp(ti,sc(ti»,
i=0

Va(t,11) —V(0) = ﬁzvi,ﬂrl(—;(tirv&ti))'
i=0
Al(tri1) — AL0) = r(1¢ 3 sH (i AE), 29)

r

i) =10) = s 3tk (b (1),

r

Flt) = 10) = s 3 oirQ b (1),
R (1) =R(0) = s 3l (s R(E),
Cl (b))~ Cal0) = 2 il (5 Cult).

T (y)
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where the weight is given by

Ui+l = l/)_lgw ((7’— i+ 1)¢ - (r—i)l’b) :

Model fitting

The genetic algorithm method was used to fit the model in accordance with [35], which specifies
the values for the parameters under investigation. The above investigation was carried out using
the fmincon function in the optimization toolbox of MATLAB. Figure 1 presents the fitting of the
model 4. It was applied to the weekly total number of COVID-19 cases that had been confirmed in
Nigeria between April 1, 2021, and June 10, 2021. The figure demonstrates that the model behaves
very similarly to Nigeria’s COVID-19 data. The table provides a rough estimate of additional
fitting-derived parameters.1.

1.67

1,665 1 L] o

@
>
I

1.655—

m—— Model
Il Covid-19 Nigeria Data| —

@
a

1.645
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@

| | | | | |

1.625

01-Apr-2021 11-Apr-2021 21-Apr-2021 01-May-2021 11-May-2021 21-May-2021 31-May-2021 10-Jun-2021
Time (days)

Figure 1. Fitting the model to the cumulative number of confirmed COVID-19 cases in Nigeria. All other
parameters are as in Table 1

Impact of different values of fractional order on the model classes

Figure 1 presents simulations of the susceptible class at various fractional orders. During the
tirst 35 days of the simulation, it is observed that the total population grows as the fractional
order decreases and that the trend reverses as the fractional order increases. The simulations of
the vaccinated class at various fractional orders are shown in Figure 2. A comparative pattern is
noticed; The total population rises while the fractional order decreases during the first quarter of
the simulation period (35 days). As the fractional grows, the total population then shifts in the
opposite direction. The simulations for the Asymptomatic class are shown in Figure 3; For the
first quarter of the simulation period, it is observed that the total population does not increase or
decrease when the fractional order decreases. By the by, accordingly, it increments and diminishes
eventually as the fractional order diminishes. The simulations for the unvaccinated asymptomatic
class are shown in Figure 4; it shows that for the initial 30 days of the simulations time frame,
a decline in the fractional order value leaves the population unaltered as there was neither an
increment nor a diminishing in the complete population. As the fractional order decreased, there
was an increase in the total population.
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Figure 2. Simulations of the Susceptible individuals at different fractional order values. All other parameters as
in Table 1
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Figure 3. Simulations of the Vaccinated individuals at different fractional order values. Using additional
parameters from Table 1
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Figure 4. Simulations of the Asymptomatic individuals at different fractional order values. Using additional
parameters from Table 1
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Figure 5 presents the simulations of the vaccinated asymptomatic class; During the first forty
days of the simulation, it is observed that the fractional order decreases while the total population
increases slightly; After that, the fractional order decreases, resulting in a significant increase
in the total population. The simulations for the Recovered class are shown in Figure 6; for the
tirst 40 days of the simulations, it is observed that the total population does not change as the
fractional order decreases; rather, it does not increase or decrease. Nonetheless, following a decline
in the fractional order, there was an expansion in the complete population. The simulations of
the environment’s COVID-19 concentration are shown in Figure 7; the simulations demonstrate
that as the fractional order decreased, neither an increase nor a decrease in the total population
occurred; as a result, the total population increased as the fractional order decreased.

In The U

0 10 20 30 40 50 60 70 80 90 100
time (days)

Figure 5. Simulations of the unvaccinated susceptible individuals at different fractional order values. Using
additional parameters from Table 1

Individuals In The vaccinated Susceptibles Class

0 10 20 30 40 50 60 70 80 90 100
time (days)

Figure 6. Simulations of the vaccinated susceptible individuals at different fractional order values. Using
additional parameters from Table 1
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Figure 7. Simulations of the Recovered individuals at different fractional order values. Using additional
parameters from Table 1
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Figure 8. Simulations of the concentration of COVID-19 in the environment at different fractional order values.
Using additional parameters from Table 1
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Figure 9. Simulation of the susceptible individual in the presence and absence of environmental transmission of
COVID-19. Here, ¢ = 0.65. Using additional parameters from Table 1
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Figure 10. Simulation of the vaccinated individual in the presence and absence of environmental transmission of
COVID-19. Here, ¢ = 0.65. Using additional parameters from Table 1
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Figure 11. Simulation of the asymptomatic susceptible individual in the presence and absence of environmental
transmission of COVID-19. Here, ¢ = 0.65. Using additional parameters from table 1
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Figure 12. Simulation of the unvaccinated susceptible individual in the presence and absence of environmental
transmission of COVID-19. Here, ¢ = 0.65. Using additional parameters from Table 1
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Figure 13. Simulation of the vaccinated susceptible individual in the presence and absence of environmental
transmission of COVID-19. Here, ¢ = 0.65. Using additional parameters from Table 1
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Figure 14. Simulation of vaccinated Recovered individual in the presence and absence of environmental
transmission of COVID-19. Here, ¢ = 0.65. Using additional parameters from Table 1
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Figure 15. Simulation of concentration of COVID-19 in the environment in the presence and absence of
environmental transmission of COVID-19. Here, ¢ = 0.65. Using additional parameters from Table 1
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Impact of environmental transmission on the model classes

Figure 8 presents the simulations of the susceptible individuals in the presence and absence of
environmental transmission of Coronavirus. It has been carefully observed that when there is no
environmental transmission, the population grows because there are no infected people and that
is because the population is made up of people who are susceptible. However, the number of
asymptomatic individuals exposed to COVID-19 rises as environmental transmission decreases
the population.

In Figure 9, the simulations of the vaccinated individuals in the presence and absence of environ-
mental transmission are introduced. When there is no environmental transmission, the population
as a whole grows because there is no infection. On the other hand, when there is environmental
transmission, the population as a whole shrinks dramatically, leading to an increase in the number
of people who are asymptomatic after coming into effective contact with the infected environment.
The simulations of the asymptomatic individuals in the presence and absence of environmental
transmission are shown in Figure 10.

The shortfall of environmental transmission shows no impact on the absolute population for
the initial 40 days of the simulations time frame yet somewhat increments after the primary
period, this is on the grounds that the class is as of now an infected class that shows no side
effects. The infection grows rather than decreases as a result of environmental transmission; For
the first quarter of the simulation, the presence of environmental transmission has no effect on
asymptomatic individuals; however, after the first simulation period, the number of symptomatic
individuals rises.

In Figure 11, the simulations of the unvaccinated asymptomatic individuals in the presence and
absence of environmental transmission are introduced; at the point when there is no environmen-
tal transmission, for the principal quarter of the simulations time frame, the people in the class
neither increments nor diminishes however marginally expanded after the primary period, this is
on the grounds that it is now an infected class, so the shortfall of environmental transmission does
not influence the class, yet when there is an environmental transmission, the class stay unaltered
for the main quarter of the reproductions time frame yet increments after the primary time of the
simulations.

The simulations of the vaccinated asymptomatic individuals in the presence and absence of en-
vironmental transmission are shown in Figure 12; at the point when there is no environmental
transmission, it somewhat builds the quantity of the asymptomatic individual, yet when there is an
environmental transmission, we have a larger number of asymptomatic people. The simulations
of the Recovered individuals with and without environmental transmission are shown in Figure
13.

The absence of environmental transmission is observed to have no effect on the class. However,
after 20 days of simulation, there are more asymptomatic individuals in the presence of environ-
mental transmission. In Figure 14, the simulations of the concentration of Coronavirus in the
environment are introduced. It is observed that when there is no environmental transmission, the
class stay unaltered for the initial 20 days of the simulations time frame. At the point when there
is environmental transmission, the quantity of the asymptomatic people fundamentally expanded
following 20 days.

5 Conclusion

The fractional derivative was used to consider and analyze a fractional-order vaccination model
for COVID-19 incorporating environmental transmission. The Mittag-Leffler function is used
to demonstrate the solutions’ positivity and boundedness. The existence and uniqueness of the
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model solutions are additionally shown utilizing Banach and Schauder’s fixed point theorem. In
addition, we demonstrate the Ulam-Hyers-Rassias stability of the fractional-order model. For
the locally asymptotically stable system, it was demonstrated that the reproduction number was
lower than unity. Numerical simulations were likewise viewed as utilizing information pertinent
to Coronavirus cases for Nigeria and fitted to the week-by-week combined number of affirmed
cases from April 1, 2021, to June 10, 2021, to look at the effect of various fractional order values on
the model classes and the effect of environmental transmission on the model classes.

The highlights of the simulations are as follows:

(i) As depicted in Figure 2, the fractional-order value decreases with increasing model class
population.

(ii) There is a larger overall population when there is no environmental transmission. The number
of people who are asymptomatic rises when there is environmental transmission, as shown in
Figure 9.
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